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Abstract

We introduce a class of elliptic generalized Einstein equations adapting the 
Self-Dual and Anti-Self-Dual Yang-Mills equations to oriented Riemannian 
8-manifolds (Xa,gij) with the virtual dimension of the Moduli space of so
lutions given by Dim(Xi (X8)) — -fc- 1024A(A'8). We construct
on S8 a 9-dimensional moduli space A4(58) =  B 9 of soliton-like solutions 
given as the translates of the Levi-Civita connection by arbitrary conformai 
transformations. Existence is shown on any Einstein manifold. Proposed 
extension to all even dimensions is sketched.
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Chapter 1

Introduction

In the mid 1970’s, particle theorists brought to the attention of the mathe
matics community a new way of looking at the Hopf fibration

S 7  <-* S 3  

jt J, (1.1)
S4

introduced decades earlier by Hopf as generating one of the first non-trivial 
higher homotopy groups n„+<(5n). They found that the usual metric on the 
total space S 7  could be viewed as giving a natural symmetric solution to the 
(anti)-self-dual Yang-Mills equations for the field strength of an Sp( 1 ̂ gauge- 
potential in euclidean 4-space. These equations state that for a connection A 
on a principal bundle Pa over a Riemannian 4-manifold, the curvature must 
satisfy

Fa = ± * F a. (1.2)

In fact, the translates of this symmetric connection by conformal dilations 
yield a 5-parameter moduli space of concentrated soliton solutions (called 
instantons).

Over the last 15+ years, a general theory built on this original set of 
solutions has been developed by Atiyah, Donaldson, Hitchen, Singer, Taubes, 
Uhlenbeck and others to investigate moduli spaces of instantons on various 
spaces. It is clear from 1.2 that the equations as stated are peculiar to 
dimension 4 where the star operator takes U2 (T*X3) into itself.
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The purpose of this report is to show that it is possible to move the struc
tures surrounding the self-dual Yang-Mills equations, often thought peculiar 
to dimension 4, to other dimensions in a meaningful way such that the theory 
generalizes in the obvious fashion for the fundamental example of the sphere. 
We carry this out for the case of dimension 8 and will sketch a program for 
extension to arbitrary even dimension.

Our idea runs along the following lines. We associate to our oriented 
Riemannian 8-manifold (X 8 ,gij) a particular pair of principal bundles P± 
associated via the structure bundle Ppr of orthonormal frames. These have 
the property that their adjoint bundles Ad(P±) are actually twisted spin 
bundles (5 * 0 5 *  to be precise). Then to any connection A € ^ ( i3±) we wish 
to associate a collection of three separate tensor fields: a generalized torsion 
tensor t(A )  € fl1(r*X) ® Ad(P*), a curvature tensor Fa 6 fi2(r*A') ®
Ad(P*) and a stress-energy like tensor Ta € S 3 (T*X) ® Ad(P±).

We then propose a pair of representations of 5p*n(8), which we will denote 
by R*, together with injections $  =  $° ® of representations

: S± ® R± *-+ A1 (R8) ® S* ® S ± (1.3)

: S* ® R* <-> A1̂ 8) ® A^R8) ® S± ® 5* (1.4)
determining bundle maps over the manifold in the natural way. With this 
established, we put forward the system of equations

n M *o)(r(A)) =  t(A) (1.5)

n /m(*>)(Fj4 ® Ta) = 0 (1.6)
which will be a system of elliptic 1*‘ order non-linear PDE’s in A(Y8) subject 
to a 0th order (linear) constraint equation combining aspects of the Einstein, 
Dirac and Yang-Mills equations in a Riemannian setting.

The plan is as follows. In chapter 2 we review standard notions from 
Representation theory, Geometry, and Gauge theory and use the opportu
nity to set notation. In chapter 3 we specialize the representation theory to 
the case at hand and develop the tools necessary to define our equations. 
After explaining the necessary algebra, we introduce the geometric construc
tions needed to define the equations. In chapter 4 we define the equations 
and compute the index of the twisted dirac operator on which our equations 
build. It is here that we also show how our equations reduce to the vacuum
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Einstein equations in the absence of torsion. This gives us an automatic exis
tence result on any manifold equipped with an Einstein metric. In chapter 5 
we solve the equations for a specific choice of $ . In this case we readily show 
that the moduli space M (Sa) contains the pull backs of the (extended) Levi- 
Civita connection under conformal dilation on the sphere as in Dimension 
4. The symbol of the our operator can easily be turned into a matrix by 
choosing bases for the representations used to associate our bundles; as this 
matrix is 448 X 448 we allow the computer the privilege of checking that the 
determinant is indeed non-zero (which it is for a generic choice of $). It has 
been mentioned to the author (by D. Bar-Natan and M. Grossberg) that it 
is perhaps misleading not to explain the extension of our techniques to other 
even dimensions and G-structures. This is done informally in chapter 6. The 
Mathematica program referred to above written by Bar-Natan and the Au
thor (the code by Bar-Natan, algebra by the author) is given in the appendix 
along with several elliptic choices of $  (and one that is not for contrast).
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Chapter 2 

Basic M aterial and N otation

Our approach rests on the correspondence between between tensor bundles
of a Riemannian manifold, and the representation theory of its structure
group (in this case Spin(&) or 50(8)); we discuss this below in the next two 
sections (see e.g. [13]).

2.1 Objects from Representation theory
We begin with a useful definition defining the natural product operation on 
the semigroup of irreducible highest weight representations of a reductive 
group G.

Definition 1 Given two representations of highest weights p and v
we define the Cartan product by

C(W „W v) : s * W ^  (2.1)

and will define the Cartan powers of W„ by

CP(W„) := Wpv (2.2)

Note: C(Wp, Ww) is always a summand of Wp ® Wv and always appears with 
multiplicity one.

We will find it convenient to keep track of 5pm(8)-modules/associated 
vector bundles, by their highest weights. It is well known that via the Borel- 
Weil-Bott construction, any irreducible representation of a simply connected
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compact simple Lie group G can be constructed directly from its heighest 
weight. This establishes a constructive isomorphism from the semi-group of 
lattice points in the weight lattice with positive coordinates to the semi-group 
of representations (under the above product operation).

Let {e,'}£_j be the usual basis for M4 thought of as the dual Lie-algebra 
to a maximal torus for Spin(8). A positive root system of 12 roots is given 
by {e,- ±  ej] 1 < i < j  < 4. The weight lattice is then generated by 
the highest weights of the fundamental representations. It will be more 
convenient for us in what follows to specify elements of the weight lattice 
as 4-tuples (*i,»a,®3,x4) corresponding to the natural weight basis.

The fundamental representations of Spin(8) are the defining representa
tion of 50(8) (denoted in what follows by any of T =  T* = A1 (I1*) =  A1 = 
R8), the adjoint representation A2(T*) , and each of the two chiral semi-spin 
representations 5+,5 “ .

They are given (via their highest weights in our notation (xi,X2,X3,a:4))
as

(1,0,0,0) = ei =  A(R8) (2.3)

(0,1,0,0) = e, + e2 =  A(A2(R8)) (2.4)

(0,0,1,0) = (ej + ea +  e3 + e4)/2 =  A(5+(R8)) (2*5)

(0,0,0,1) =  (ea + e2 +  e3 -  e4)/2 = A(5"(R8)) (2.6)
So a representation (aJi,ia,a:3,X4) is given by y id  +  yae2 +  1/363 +  y^A 

where
yi = xi + x 2 + (*3 + x 4 ) / 2  (2.7)

J/2 =  *2 +  (®3 +  X4) / 2  

yz -  (®3 + x4)/2 
1/4 =  (* 3  -  X4) / 2

The Weyl Dimension Formula states that for a compact semi-simple Lie 
group G, the dimension of an irreducible G-module V\ of highest weight A is 
given by a particular polynomial in the called the dimension polynomial.

Specifically:
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Theorem 2 (Weyl) Let G be a compact simply connected semi-simple Lie 
group with a system of positive roots A+ and let g denote half the sum of the 
positive roots. Then ifV \ is an irreducible G-module of highest weight A the 
dimension is given as

Dim(V\) =  I W +  < A +  g»a > (2.8)
I W + < & a >  V

(See [13]). In our case this, this gives the explicit formula for Spm(8):

Corollary 3 For the irreducible Spin(8 ) representation of highest weight 
fi =  ((ari,X2,a?3,X4)) in the canonical basis of the weight lattice we have:

Dim((x 1, x2, s 3, Z4)) =  (yi + ya +  5)(tn -  ya +  l)(yi +  Vs + 4) (2.9)

(yi —1/3 +  2)(yi +  pA +  3)(yi — y< +  3)(yj +  j/3 +  3)(ya — p3 +  1)

(ya +  Va + 2)(ya — y4 + 2)(y3 +  y4 +  l)(y3 — y4 + 1)/4320 
with the yi defined as defined in 2.7.

We recall the weights of other important non-fundamental representations 
which appear frequently.

Fact 4 In terms of the generators of the weight lattice for Spin(8 ), further 
important representations appear via their highest weights as

(0,0,1,1) = A(A3(T*M8)) (2.10)

(0,0,2,0) =  A(Ai(r*R8)) (2.11)

(0,0,0,2) =  A(Ai(T*R8)) (2.12)

(2, 0, 0, 0) = A(So2( r n 8)) (2.13)

(0,2,0,0) =  A( Weyl(T*R8)) (2.14)
where Wey/(T*R8) is the representation corresponding to the Weyl curvature 
tensor living in fi2(T*AT) <2> fla(T*X) os the curvature summand derived from 
the Cartan square C2(A2(M")).



We now wish to describe a few of the basic properties of the (semi)-Spin 
representation(s) of Spin(2n). Thorough discussions can be found in [2, 12, 
15].

First of all, recall that the usual Z r graded Clifford algebra c/(R2") = 
c/o(R2n) © c/i (M2”) of K2n with the standard metric is a natural SO(n) module 
isomorphic (at the level of representation theory) to the exterior algebra 
A*(R2n). Consider the subspace of the even sub-algebra U C do defined by

U =  0 A 2+4j'(R2"). (2.15)
j'= o

Under the commutator operation in the Clifford algebra, this subspace be
comes a Lie algebra. Specifically, if we write n =  4k + I (where fc, / e  Z are 
non-negative with I <  3), then (U, [•, *]) is isomorphic to *p(24fe) ® sp(24k) for 
I = 2, so(24*-1) ©#p(24fc-1) for / =  0 and u(24fc+,_1) for I = 1,3.

The natural Spin representation of so(2n) is then just the inclusion homo
morphism from t : A2 — ► U acting on the fundamental modules 5(R2(4*+,J) = 
S+ © S~ where 5 = © Hi*, R f -1 © Ri*_1, or © ci*+,_l respec
tively. This cannot be extended to the group SO(n) but only to its simply 
connected double cover Spin(n).

Upon complexification of the Spin modules, we recover the full Clifford 
algebra as c/(R2n) =  u(Sc). In the case when n = 4k we have the following 
isomorphisms

u(S±) Si 5± <8) 5± Sf 0  A2i(r)ffiA £ (2.16)

Note: These isomorphisms are abstract equivalences and not isomorphisms 
with sub-representations of d (Rn).

S+ ® 5" “  0  a 2,-1(71) (2.17)
l<i<l

giving for k =  1 the decompositions (cf. [12,15]):

Fact 5
5±(R8) ® 5 ±(R8) a  A°(M8) © A2(R8) © A£(R8) (2.18)

Fact 0
5 ±(R8) ® 5 T(R8) a  A*(r8) © A3(r 8) (2.19)
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Figure 2.1: D4 Dynkin Diagram

We note that the inclusion of A1(K")«-» c/1(Rn) yields a map

c : T* ® S  — ¥ S  (2.20)

for which we have ker(c( 1/, •)) ^  0 iff v = 0. This is the reason for the 
ellipticity of the Dirac operator which we discuss in the following section. 

Lastly we would like to point out

Fact 7 ST appears with multiplicity 1  in T* ® S*.

We will show that this follows from an elementary dimension counting argu
ment in the next chapter for the case of Spin(8) but it is equally valid in all 
even dimensions.

In the case k = 1, / =  0, we have an added benefit that there exists an 
outer automorphism

A : Spm(8) — * Spin(8) (2.21)
of order 3, which cyclically permutes the three eight dimensional represen
tations T, S+, S~. This is visualized in terms of the D4  Dynkin diagram in 
figure 2.1 as counter clockwise rotation by This automorphism can be 
exploited to avoid redundant calculations and to rotate unfamiliar represen
tations into familiar ones. As an example, A tells us that

T ® S* £  S* © A3(St ). (2.22)

Fact 8 Let A : Spin(8 ) — ► Spin(8 ) be an outer automorphism such that A
induces a counter-clockwise rotation of the D4  Dynkin diagram by Then
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there exists a faithful homomorphism i : Gj *-» £pin(8) of the 14-dimensional 
Lie group G2 into the S8 -dimensional Spin(8 ) such that fixed point set o fX is  
precisely t(G2); further, given any 3 irreducible highest weight representations 
p i : Spin{8)^— * Aut(Vm) i =  0,1,2 with A(pi) =  A2(/i3) =  p0, then there 
exist maps A* : Vm — ► such that the diagram

Spin{8 )x V w Spin(8 )x V w
Pi I  Pol

V  V
commutes (equivalently, for any pair of elements g € Spin(8 ) 
A>(A'‘(«(»)))^(»<) =  X A(u,)).

(For details on triality and the octonion algebra, see [7, 11, 12, 15, 17]).

2.2 Geometric Objects
We recall the definitions of the basic objects of the theory of connections in 
order to fix notation. For our purposes in what follows G will be a compact 
reductive Lie group.

A principal G-bundle Pa over a manifold AT is a manifold admitting a 
free right G-action such that the quotient of this action is a locally trivial 
fibration

Pa t-» G 
it i  (2.24)

X.
Up : G — * Aut(V) is a representation of G on a linear space V  then we will 
denote by Ep = Pq x p V  the associated vector bundle

P aX PV  ^  V
7T J, (2.25)

X

obtained from quotienting the Cartesian product Pa x V  by the natural action 
of G on both factors. We will refer specifically to the vector bundle Pa x  ad a 
associated via the adjoint representation as Ad(Pa). By a connection A  on
Pa we mean a C°° G-invariant distribution of horizontal subspaces of TPq.

(2.23) 

and  Vi <E V ^ ,
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We will denote the space of such connections by A(Pq) and note that it is 
naturally an affine space modeled on Sll (T*X) ® Ad(Pa). If >7 : G w  H  is a 
homomorphism of compact reductive groups, then we can form an associated 
principal //-bundle Ph S  Pq x „ H  in the obvious way. There is then a 
canonical isomorphism

A(Ph) SS A(Pa) x  (fl1 (T*X) ® E„) (2.26)

where v is the defined by the action of G on j 1 C f). A nice description of 
this is spelled out in [18].

Now given a Riemannian manifold (X",p,j), the bundle of orthonormal 
frames Pft of T X  = fllJ T*X  admits an obvious action by SO(n) giving it the 
structure of a right principal 50(n)-bundle

Ppr «-* 50(n)
7T |  (2.27)

X".

In this case all associated vector bundles E  to Ppr appear (non-uniquely) as 
sub-bundles of the bundle of the full tensor algebra with V  = ® “ 0 0,- T*X. 
In particular Ad(Ppr) =  A3 (T*X). We will denote the bundle of all linear 
frames of T*X  by P/r.

Given a vector bundle Ep associated to Pq via a representation p of G, any 
connection A  on Pq canonically determines a ( l4t-order) linear operator V A 
called the covariant derivative associated to A of the form V A : T°°(Ep) — > 
ft1 ® (Ep). In the special case where Pg = P ft and Ep = T X , then we can 
define a map

t  : A(PFr) — ► 0 1 ® n a (2.28)
called the torsion mapping via

r(A)x(w, u, v) =<  w, (Vi,V  -  V v U -  [U, V]), > (2.29)

where U, V  are any vector fields extending the vectors u, v 6 TxX . The 
fundamental theorem of Riemannian geometry states that there is a unique 
connection Aq € A(Pft) with r(Ao) = 0. This is the well known Levi-Civita 
connection which we may also denote by Ax,_c. An important interpretation 
of the torsion tensor is that the torsion satisfies

t(A) = A - A c (2.30)
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where we implicitly make use of the above identification Ad(Ppr) — A2 (T*X).
We briefly recall the definition of curvature for a connection in the setting 

of principal bundles. Given two G-invariant vector fields {7, 6 r°°(TPa) * = 
{1,2} which are horizontal with respect to a connection A  € A{Pa) there 
exist unique vector fields Ui € r oo(TA') such that *■*({/,-) =a Ui (cf. e.g. [6] 
where they are refered to as ‘basic’ vector fields). In this case the expression 
Vert{\Ux, t7j])p is G-equivariant and independent of the fields extending (C/j)p, 
and thus defines a section Fa 6 n 3(r*A’) ® Ad(Pa) where we have made use 
of the canonical identification YQ{Vert{Pa), Pg ) — A"). From
this perspective, the curvature of any connection A  can be computed relative 
to a base connection A 0 by the prescription

Fa = Fa„ +dA0ct + l/2[a, a] (2.31)

where a  =  A — A0.

Definition 0 A metric is called Einstein if its Einstein tensor GM„ satisfies

= Rptv l/2syPi/ =  ftjfou/ (2.32)

where s : A(Ppr) — * K is the scalar curvature and 0  6 R.

Note: This corresponds in physics to the metric satisfying the Einstein field 
equation with (possibly) non-zero cosmological constant 0 :

Gfii> + 09nv — Tpv (2.33)

for the vacuum Tp„ =  0 where is the symmetric two tensor describing 
the matter-energy distribution of the physical system being modeled.

Recall the definition of the full Dirac operator on an even dimensional 
manifold with Spin-structure Pspin-

Definition 10 I f  Pspin is a two-fold cover of Ppr with Spin(2 n) as fiber over 
(X 2n,gij), then the Dirac operator is defined to be

$= n s o v : r°°(s) r°°(s) (2.34)

which is the sum of the chiral dirac operator

f t  n 5-  0 v : r°°(s+) — ► r°°(5 -)  (2.35)

and its adjoint.
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Recall that on an even dimensional manifold we can (at least locally) 
express the DeRahm operator relative to the Levi-Civita connection A and 
a spin structure as

^ : 5 + ® 5 — >S~®S  (2.36)
where S  =  S+ © 5 " ,  This in fact can be seen to be the direct sum of two 
separate elliptic complexes:

S+ ® S+ — ► S~ ® S + (2.37)

9a : 5+ ® S~ — ► S“ ® S". (2.38)

In the case of the signature operator, the K-theoretic difference of these 
‘half-signature’ operators yields the signature of the intersection form.

2.3 Fundamental Solutions of the Self-Dual 
Yang Mills Equations

For a given principal G-bundle Pq , the gauge group S{P g ) is defined to be
the group of automorphism of Pq leaving the fibers invariant. This can be
identified with the space T°°(Pa Xaa G) which acts naturally on A (P g) (see 
[8, 14] for details). For a given automorphism g €  0 (P g), the effect on the 
curvature is given by

Fff.(A) = Ada(FA) (2.39)
where the action on the right hand side is the action of the automorphism
group on the Ad bundle (which has no effect on the A3 factor).

In dimension 4, the star operator *gij : A* — *■ A4-1 has eigenvalues ±1 
when restricted to A3 for any gtj of euclidean signature. The self-dual (or 
anti-self-dual) Yang-Mills equation for a connection A  € A(Pc) is

* Fa -  ( - )  * Fa (2.40)

The objects of interest in 4 dimensional gauge theory are the gauge equiva
lence classes of connections [A] € A{Pq)IQ{Pg) satisfying 2.40 (this is well 
defined by 2.39).

For many purposes it is more convenient to work upstairs on the affine 
space -4, than on the topologically non-trivial quotient A jQ . Let u b  assume
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that A  is a connection which solves 2.40. Then, as for any connection, the 
tangent space to oribit of A  under the action of Q at A  is d^(n° ® Ad(Pa)) C 
fl1 ® Ad(Pa). Further, the space of infinitesimal deformations which could 
possibly yield self-dual connections is given as Ker(Jl- o d&) where

II_ o dA : H1 ® Ad(Pa) — ► fll  ® Ad{Pa). (2.41)

Then the space of infinitesimal possible solutions which are perpendicular to 
the orbit under Q is given as H 1 of the half-signature complex:

0 — i ft0 ® Ad(PG) fl1 ® Ad(Pa) n-= ^  Hi <8> Ad(Pa ) —+ 0 (2.42)

twisted by Ad(Pa).
The keystone of the theory is the moduli space of solutions to 2.40 over 54 

with Pa — Sp(2)/Sp(l) = S7. In general, the group of conformomorphisms 
of Sn is SO(n + 1, 1) via its natural action on the space of null geodesics in 
Rn+l’1. As 2.40 are manifestly conformally invariant, Spin(5,1) acts naturally 
on the fundamental solution which is stabilized by the cover of the isometry 
group Sp(2) C Sptn(5,1). The quotient S  B 6 is actually the full
moduli space for the Sp(l)-bundle represented by S7. Any element of this 
quotient has a representative dilation by a factor A € R of the form a~l o A • 
(•) o erp, where <rp is stereographic projection from a point p G Sn.

We now wish to use the above representation of an arbitrary conformal 
dilation 4> to generate a family of connections. Consider the natural bundle 
of frames PjrT(Sn) with the canonical Levi-Civita connection. Recalling that 
Ad(Pj?r(JC)) =  A2(T*X) we have

a\  (x idxj  — Xjdxi)  ® dxi  A dx j  /n

~ h  ^ h m P  (2,43)
which in dimension 4 splits into two pieces as

with the usual quaternionic notation x =  x0  + ixi +  jx^  +  fcx3  and dx = 
dxo + idxi + jdx 2 + kdx3 with the bar denoting quaternionic conjugation 
(cf. [1, 8, 14] for the above).
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Chapter 3 

Further C onstructs

3.1 Representations
We now define an interesting series of representations denoted by Yi which 
will be important to us in all of what follows.

Definition 11 I f  and v A <j> denote the interior and exterior products 
of a form v £ Al (R") with a form <f> 6  A'(Rn) then we define Yi as a repre
sentation of SO(n) via the exact sequence

0 —+ Yi «-* A1 ® Af ^  A’-1 ® A1+1 — * 0 (3.1)

where 9(v ® ^) =  © v A <f>.

Proposition 12 ^(R 8) — C(A1(R8),A'(R8)) and is therefore irreducible so 
long as i ^  4. In this case V^R8) =  (R8) © Y4~ (R8) where each of the
summands is separately an irreducible 50(8) module.

Proof: The map 9 : A1 ® A' — ► A1-1 © A,+1 is obviously surjective. 
Then we know that neither A*-1 nor A*+1 can possibly be the Cartan prod
uct C(A1, A‘) as all exterior representations Me either fundamental SO(n)
representations or summands of the Cartan product C (5 ,5). Hence we know 
that C(Aa, A') C Yi. Now we use Cor 3 to compute the dimensions of the 
C(A1, A') and find that representations

Dim(Yx (R8)) =  Dim((2,0,0 ,0))= 35 (3.2)
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Z}t'm(Ya(R8)) =  Dtm((l, 1,0,0)) =  160 (3.3)

Dim(Y3 {Vt*)) = Dim({1,0,1,1)) =  350 (3.4)

Z>im(r4(R8)) =  Dtm ((l,0,2,0))+Z«m ((l,0,0,2)) = 224 +  224 =  448 (3.5)

and isomorphism follows for Yi i = 1,2,3. This argument goes through word 
for word in the case of middle dimension with the added requirement that 
one keep track of the dimension counting for the two halves separately.

Definition 13 Let c : T* ® S ± — ► ST denote the Clifford multiplication 
map of 2 .2 0 . This map is obviously not injective by dimensional reasoning 
and we may thus define a pair of Spin(2n) modules R* via the exact sequence

0 — * «-» T* 0  S ± S* — ► 0. (3.6)

Proposition 14 In dimension 8  we have the isomorphism

R k “  A3(ST) (3.7)

and thus R± is irreducible.

Proof: Even though the above statement is equivalent to 2.22, the statement 
that R? is irreducible can be demonstrated by a dimension counting argu
ment which we give below; this second proof has the advantage of working 
in arbitrary even dimensions.

In dimension 8 the Spin representation S  is of dimension 16 with the semi
spin representations S* of dimension 8. We know that Clifford multiplication 
induces a (non-zero) map of Spm-modules c : T* ® S ± — ► which must
necessarily be in the form of an orthogonal projection. Since we know that 
is a fundamental representation, it cannot be the Cartan product C(T*, 5*) 
and thus we must have an inclusion CfT^S*) <-» R*. Now given 2.3, 2.5 
and 2.6, applying Corollary 3 to the Cartan product yields

£>*m(C'(r*,5±)) =  56 (3.8)

18



which is Dim(T* ® $*) — Dim(S^) =  64 — 8 so (making use of Triality, 
and 2.10) we have

T* ® 5* St 5* ® A3(5t ) (3.9)
as claimed.

Proposition 15 ; 5+ ® A3(5") St A '(T) © Y3 {T) © A3(T) © r 4+( r )

Proof: We proceed at the level of K-theory using the triality principle 
(Fact 8) to argue in terms of virtual representations.

S+ ® A3(5") =  S+ ® (S+ ® T © S~) (3.10)

“ (S+ ® S+) ® T e ( T f f i A 3(T)) (3.11)

=  (A°(T) © A2 {T) © A*+(T)) ® T  © (T  © Aa(T)) (3.12)
St T  © (A1(T) © A3( r )  © K2(T)) © (A3( r )  © Y4+(T )) © (T © A3(r) )  (3.13)

st a  1 {T) © y 3 ( t )  © A3( r )  © y4+ (r) (3.14)
Similarly we have:

Proposition 16 5 “ ® A3(5") St YX{T) © A2 {T) © Y3 (T) © A%(T)

Proof: We proceed as before.

S~ ® A3(S~) =  5 ” ® (5+ ® 21 © S~) (3.15)

St T  ® (S~  ® 5 +) © (5" ® 5") (3.16)

St T  ® (A ^ r) © A3(T)) © (A°(T) © A2( r )  © Ai) (3.17)
St (A°(T) © A3(T) © y,(T)) © (A2(T) © Y3 (T) © A ^(r) © Ai(T)) (3.18)

©(A0(r )@ A 2( r ) © A i )

“ y i ( r )© A 2( r ) © y 3( r ) © A i ( 7 T) (3.19)

We now look at tensor products of the form A2(ffi")® A’(Kn) after defining 
some necessary linear maps.
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Definition 17 Given a ® ( 9 e  AJ ®A* define the maps

* t : Aj 0  A* — * A ®  A* (3.20)

*r : A-' ® A* — ► AJ ® An“* (3.21)
Ay the rules

*1 (t* ® ft) — (*or) 0  ft (3.22)
and

*r (a® ft) = a®  (*ft) (3.23)
and extend by linearity.

Definition 18 Let {eJJLj be an orthonormal basis for Al (Rn). We define a 
homomorphism of SO(n) modules

u : Aj ® A* — ► Ai+1 ® A*+1 (3.24)

by linearly extending the map on monomials given by
n

u(ar ® ft) =  a  A e,- 0  e,- A ft. (3.25)
IS |

Here u is of course independent of the choice of basis made.

Definition 19 Keeping the notation as before, we define further homomor- 
phisms ofSO(n) modules

I: AJ' 0  A* — ► A,_I 0  A*-1 (3.26)

sL : AJ ® A* — ► AJ+1 ® A*"1 (3.27)
sR : AJ ® A* — » A*"1 0  A*+1 (3.28)

by the maps on monomials given by

Sii(a ® j3) = *j o *r(u(*/ o *r(a ® ft))) (3.29)

3i(a  ®ft) = *r(u(*r(a 0  ft))) (3.30)
l(oc ® ft) = *i(tt(*j(a ® /?))) (3.31)
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With this said, we define one last class of SO(n) representations which 
will be needed in the decompositions that follow.

Definition 20
W*(R") =  C(A2(Rn), A'(RB)) (3.32)

with 2 < i < n — 2.

We now are in a position to completely decompose the curvature sum
mands which will occur for our choices of principal bundles P* to be made 
in 3.43 and 3.44.

Proposition 21

A2(K8)®A2(Rs) =  A°(R8)©yi(R8)®A2(R8)©I^(R8)©A4(R8)©W2( l 8) (3.33)

Proof: We begin by noting that no two of the above SO(8)-modules ap
pearing as proposed summands are isomorphic; this is seen easily from the 
preceding discussion of their highest weights.

Now consider the map lou : A1® A1 — ► A1® A1. The trivial computation 
on any (and hence all) element(s) of the three irreducible subspaces shows 
that this is an isomorphism of 50(8) modules with eigenvalue -6 on both the 
A2 and Y\ subspaces and eigenvalue -14 on the A° subspace.

Likewise the map sr  o  s l  : A1 ® A3 — ► A1 ® A3 is an isomorphism with 
eigenvalue -6 on A4, and -2 on both Y3 and A2.

Now this means that both / and sr are surjections with W 2 in both 
kernels. However it is then checked that the sum of the dimensions of the 
modules A1 ® A3, A2 ® A2, and W 2 yields

Dim{A1 ® A1) +  Dim(A1 ® A3) +  Dim(W 2) =  64 + 448 + 300 =  812 (3.34)

whereas Dim(A2 ® A2) = 784, so the map

/ © S R  © : A2 ® A2 — ► (A1 ® A1) © (A1 ® A3) © W 2 (3.35)

cannot be surjective. The only possibility is then that there is a repeated 
summand (of dimension 28) in the range of 3.35 which appears with lower 
multiplicity in the domain. This must then be A2 as, in addition to having the 
correct dimension, it is the only isotypic summand of non-simple multiplicity 
and the claim is established.
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Proposition 22

Aa(R") ® A^fR") “  Aa(Rn) © r 3(R") © A£(Rn) © W±(R") (3.36)

This is entirely analogous to the above claim and is proved in the same 
fashion.

3.2 Geometric Constructions
Consider a closed oriented Riemannian manifold (X s, g(', •)) of dimension 8. 
Our objects of study are certain connections on principal G-bundles

Pa ^  G 
it I  (3.37)

X s

functorially associated to our space (Xs,gij).
We will need in what follows to work with quotients of classical com

pact reductive lie groups. Specifically we recall that the central subgroup 
Z(Spin(4n)) is a group of order 4 isomorphic to Z /2Z ©  Z/2Z for all n. We 
consider the quotient homomorphism

v : 50(4n) — > Spin(4n)jZ(Spin(4n)) & PSO(4n) & 50(4n)/ -  1. (3.38)

Now it is well known that the symmetry A : D4 — ► of order three of 
the Dynkin diagram Z)4 in Figure 2.1 extends to the group Spin(8), though 
not 50(8). As such, it restricts to Z(Spin(4n)) acting as automorphisms of 
the central subgroup. In fact we can see that

OuterAut(Spin(8))/InnerAut(Spin(8)) £  Aut(Z(Spin(4n))) = D* (3.39)

where ID? is meant to denote the dihedral group of order 6. We see then that 
we are at liberty to extend the triality rotation to the factor group.

A : PS0(8) — + PSO(8). (3.40)
Now consider Z(SU(n)). We see clearly that since all central elements 

are diagonal, that any element g € Z(SU(n)) ^  Z/nZ is realized as the n x 
n identity matrix multiplied by an ntk root of unity. Thus we have the fact
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that —1 € U(n) lives inside of SU(n) iff n is even. We will consdier here the 
case of SU(n) =  SU(n)f — 1 for n=8.

Let us compose the general homomorphisms p : Spin(n) — * SO(n) and 
i : SO(n) c- ► SU(n) with the triality rotation A : 5pm(8) — ► Spin(S) 
peculiar to our case. Thus we get three distinct and inequivalent maps

t o p o Am : Spin(8) — * SU(8) (3.41)
where m =0,1 or -1. Now as the natural inclusion sends —1 € SO(n) to 
—1 £ SU(n) and the three powers of the triality rotation send in turn the 
three central elements of order 2 in Z(£pm(8)) to —1 € 50(8), we can see 
that we can construct three distinct homomorphisms

1 0 Am o 7T: SO(8) — ► SU(S). (3.42)

Now let Pm denote the 3 principal SU(8) bundles

^  =  *!>(.) (3.43)

We will not be interested here in the case m = 0 and will prefer to concentrate 
on the other two possibilities. For either of these two possibilities we further 
construct the bundles

p i  =  pom  = -PJhw x ‘ (3"4)

where now t : SU(8) — ► U(8) = C/(8)/(±l) is the obvious inclusion homo
morphism. These can also be thought of as associated directly to Ppr via 
the complexified projective semi-spin representations

PA£ : SO(8) —■* 1/(8)/ ±  1 (3.45)

Corollary 23 (of S. 16)

Ad{P*) S  A°(T*X) © A2(T*X) © A±(r*Af) (3.46)

with the containments

MPpsom) c  c  AiiP*) (3.47)

given by the chain

A2 C A2 © A± C A0 © A3 © A±. (3.48)
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Proof:From 2.16 it is clear that on a spin-manifold 3.46 holds. To see it is 
true in general is just the statement that the property is local in nature for 
our choice of bundles.

A straight dimension count establishes the chain of inclusions as all three 
summands are of different dimensions (28, 35, 1). This can be seen more con
structively by noticing that *l(n,K) and *u(n) are both real forms of al(n, C) 
containing so(n) via the inclusions induced by their defining representations, 
in this case we have an isomorphism of so(n)-modules

«u(n) = *l(n, R) “  A2(Rn) © Sg(Rn). (3.49)

In the case of dimension 8 however we see that A3(Rn) is stable under triality 
whereas So(Rn) 8e*s rotated into Aj. by the powers of the triality rotation.

C onstructs 24 For lo G Q'(T“X ) we define

jf(w) — IIyj o V Al-°(u)). (3.50)

Likewise, if Ep is a vector bundle associated to Pa with connection A over 
X  and T  G fl*(T*X, E), we define d^T € T“ (y5 ® E) by the rule on simple 
s&ctxoixs

d >  ® 0  = d(«) ® i  +  n*(w) ® v* tf)) (3.51)
and extending by linearity. Lastly we define dA : ft' ® E  — ► 171 ®Sl' ® E  as 

= d* + d4

Note that with our definitions we get a decomposition

V(u) =  dui + d*u + <Jw (3.52)

as d = IIn*+i o V and d* = Ilni-i o V (see for example [5]).

Definition 25 I f
t : A{PFr) ^ (^o ) (3.53)

is the inclusion of 2.26, then we define the extended Levi-Civita connection 
to be

Al- c — i(Al- c) G Apg (3.54)
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Definition 26 Let p : SO(n) ■—* G be a representation associating a Prin
cipal G-bundle Pa — P ft x p G to the structure bundle o f a Reimannian 
Manifold We define the extended torsion r(A) € Fll {Ad(Po)) of a
connection A  € A(Pq) to be

r(A) =  A -  Al- c (3.55)

where A l- c is the extended Levi-Civita connection of Pq .

Now we define an Ad valued Symmetric expression.

Construct 27 We define T{A,gij) € r°°(S2 ® Ad(P±)) to be the section

T (A ,Sij) =  J*{t (A)) (3.56)

Without major alterations, this could be a more general ansatz o f the form

T (A , gij) =  TXl c  +  +  V(r(A)) (3.57)

similar to the corresponding expression 2.31 for the curvature, where T^L G 
r°°(52 ® Adt-P*)) would be a well defined tensor field comming from a first 
variation o f the metric and g, some (0th order) S 2 ® Ad(P±)-valued ex
pression in the torsion which vanishes upon linearization. For the purposes 
that we intend, we make the simplest assumption as it suffices to prove our 
main result. We however feel strongly that reasoning coming from vari
ational/physical principals should produce a more meaningful (albeit more 
complicated) expression.

Note: It may at first seem that it would be difficult to construct such a 
tensor with a non-trivial quadratic expression for g valued in S2 ® Ad(P±) 
analogous to the corresponding summand [r,r] appearing in the curvature 
formula 2.31 given the symmetric nature of the first factor and anti-symmetry 
of the Lie bracket. It should be remembered however that the Lie algebra u(n) 
carries a natural U(n)-equivariant symmetric product giving it the structure 
of a Jordan algebra, in addition to its anti-symmetric bracket operation. This 
can be seen in two ways.

In the first case, we note that just as the commutator of two skew- 
hermitian matricies is itself skew-hermitian, the anti-commutator of two her- 
mitian matricies remains hermitian. Now since multiplication by * € C maps
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hermitian matricies to skew-hermitian ones, it can be seen that both products 
are well defined on u(n).

In the second case, we note that the su(n)/u(n) series are peculiar in that 
if the isotypic summand of the trivial representation occurs with multiplicity 
greater than 1 in g®g®g with g simple, then g must belong to the A„ series and 
the multiplicity must be 2. One of these invariants of course corresponds to 
the Lie bracket and thus determines a subspace «u(n) C A3(nt(n)) C  su(n) ® 
«u(n). The second invariant corresponds to the Jordan algebra structure 
alluded to above and determines a second copy su(n) C 5 a(su(n)) C  «u(n) ® 
su(n).

With this Jordan product A *  B  — we may then define a map

& : (A1 (R3n)® S* ® S*) ® ( A1 (R3n)® S* ® S*) — ► S 2('Sl3n)® S± ® S± (3.58)

by defining £i((/i ® A) ® (v ® B)) =  (ft <g> v + v ® ft) ® A  * B . Similarly 
we could also attempt to construct a  more general expression for Ta directly 
from the curvature. For example Ta — £i (Fa) where

6  : (A3(R3")®5± ® 5±)®(A3(K3n)® 5±® 5±) — ► 5 2(R3n)® 5± ® 5± (3.59)

via the rule fa((w ® A) ® (iff ® B)) =  n^® A*(ti; ® r}>) ® A * B. We will not 
pursue this further here.
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C hapter 4

E quations

We wish to discuss the properties of the equations that we will use to define 
our moduli space. The following is a useful result of Atiyah and Singer.

Theorem 28 (Atiyah-Singer) Let E\ and E% be vector bundles associated to 
the structure bundle PFr of (X2n, <jr,j) with

Vr .T oa{E1) - ^ T t3°{E2) j  = 1,2 (4.1)

a pair o f elliptic operators whose symbol class is likewise associated to the 
PFt-structure. Then Index{T>i) =  Jndea:(X>2).

See [4] pp. 557-559 for details.

Theorem  29 Consider any elliptic differential operator

V  : W )  — ► r ( £ 2) (4.2)

over a Riemannian 8-manifold (X 6,gij) where E\ is associated via the rep
resentation A1 © Y2 © A3 ® Y* and E2 is associated via Y\ © A2 © Y$ ® A± 
and whose symbol is associated to the Riemannian structure as above. Then

Index{V) =  ±A (Jt8)CA(A3(5±))[Jif#] (4.3)

=  a (X *) +  1024A(X8).
Z

Note: The formula gives an integral result even ifw 2(X 8) ^  0 since

1024A(A’8) =  4 A (X S) (4.4)
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where the A-genua is defined by A (X 4n) =  16M(X4n) and is always an 
integer.

Proof: By Theorem 28 above, the index of T> is equivalent to the index 
of the twisted dirac operator

At: S± ® A3(5*) — ► 5* <g> A3(5*). (4.5)

We recall that in dimension 8 we have the formulas (cf. e.g., [15]):

A(X*) =  1 -  Pi (X s)/24 + (7P3 -  4P2(X8))/45 • 128 (4.6)

L (X B) =  1 +  P i (* 8)/3 +  ( - P 3 +  7P3(X8))/45 (4.7)
ch(Ec) — r +  ci +  (cj — 2cj)/2 +  (cj — 3cjc2 +  3cs)/6 (4.8)

+  (c} -  4cjc2 +  4cic3 +  2c£ — 4ci)/24 (4.9)

Pi(Vm) =  (—l)*c2,(V» ®B C) (4.10)

hence,
ch{V; ®B C)) =  r  +  Pi +  (P3 -  2P3)/12 (4.11)

Pj3(T) =  4<r(X8) +  7 • 128i(JJf8) (4.12)

P2(T) =  7<r(A-8) +  128A(X8) (4.13)

Recall that the relevant (4 and 8 dimensional) cohomology of BSO (8) 
is generated by the universal Poyntriagn and Euler Classes Pi, Pa, X £ 
H*(BSO(8),Z). Now given a homomorphisim between Lie groups f t : G — ► 
H, we get an induced map of classifying spaces

ft : BG  — ► BH. (4.14)

In what follows we will make use of the classifying space maps induced by

p : Spin(8) — ► 50(8) A : 5p*n(8) — » 5pm(8). (4.15)

We are interested in understanding the characteristic classes of the semi
spin bundles in terms of the characteristic classes of the tangent bundle of 
our 8-manifold X 8. Let us assume for the moment that X is spin (although 
only products of representation which descend to SO(8) are needed).
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According to [11] we have characteristic classes

Qx € H 4(BSpin(8), Z) Q2y Y  e  H*(BSpin(8), Z) (4.16)

generating the Cohomology in these dimensions which have the following 
relationship to the more familiar Poyntriagn and Euler classes:

P*(Pi) =  2Qi (4.17)

p*(P3) =  2Q2 + Q\ (4.18)
pm(x) = 2 Y - Q 2 (4.19)

V (Q i)= Q i  (4.20)
\*(Q2) = 3 Y - 2 Q 2 (4.21)

A*(y) =  Y  -  Q2 (4,22)
We then compute the effect of the triality rotation on the pull back of Px,2 
and x*

2Qi -£-* 2Qx (4.23)

2Qa + Q2x - ^ * 6 Y -  4Q2 + Q\ - 6Y  + 2Q2 + Q\ (4.24)

2Y - Q 2 - £ * - Y  ^ * - Y  + Q2 (4.25)
giving us:

P i (S +) = P x (S - )  = Px{T) (4.26)
P2(S+) =  3X(r )  -  1/2P2{T)  +  3/8P*(T)  (4.27)

P2(S~)  = - 3 X(T) -  1/2P2(T) + 3/8P*(T)  (4.28)

We compute leaving the computation in ‘expanded’ form so that it can 
be checked more easily. By the formula for the index of a twisted (positive 
chirality) Dirac operator (cf. e.g. [15] pp. 256) we have

Index(Dirac ® A3(5±)) =  A(X*)ck(S*  ® T  © S±)[X8] (4.29)

=  A iX ^ c h iS ^ c h iT )  -  cA(5±))[X8] (4.30)
Px(T)  (7P1a - 4 P 2( r ) )

V 24 5760 ;
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( ( 8 + p l ( s , , + « ! » , , , + * < r ) +

- ( 8 + f l ( ^ ) + ( g ^ i - ^ ) ) ) ) W  (4 .31)

fl Pi(T) . (7 P ? -4 P 3(T) j , 
k 24 5760 J

(64 +  8 Pt (S*) + 8 P,(T) +  P1(S:F)P1(T)
, ~  2Pa(5T) +  P ^ P )  -  2Pa(P))

(4.32)

Pt (T) (7Pa -  4P2(T))
=  (i -  - j p  + -------5760-------)( +  15P'( T >

+  27Pta( r )  +  2Pa(5±) -  16Pa(5T) -  16Pa(T ))[ Y8]

^  56(7Pa( r )  -  4P2(T)) isp f tir )
1 5760 24

+  27P12(T) +  2P2(S*) -  16ft(S*) -  16P3( r ) }[^

56(7Pa(T) -  4Pj(T)) -  15 • 240Pa(T)
“  1 5760

, 480(27P2( r )  +  2P2(S±) -  16P2(S*) -  16P2(T ))„  v8l
+ ----------------------------5760 )lX  J (4-35)

(56 • 7 -  15 • 240 +  27 • 480)P1a(7')
“  * 5760

( _ 4 .5 6 -  16-480)ft(7,) +  960i’,(S ±) +  (-16-480)P3(S’;) „ „ 81 
+ ----------------------------------5760------------------------------------- )[X 1 (436)

=  5 ^ 0 '[A ' P' iT ) +  B  ' F*(T) +  ° ' f t(5 ± ) +  °  (437)
with A  — 9752, B  = —7904, C = 960, D — —7680 so we get either one of the
two sign dependent possibilities:

1 ( (A + l(C + D ))P U T )+(B - \ (C + D ))P 1(T )± H C -D )x (T ) )  (4.38)
5760 8 ' "  7 v 2
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=  5 ^ 0  ((A +  ! (°  +  +  7 • 1 * 4 * * ) )

+  (B -  i(C +  D ) ) ( W X ‘ ) +  128i(Jf8)) ±  3(C -  D )x(T)) (4.39)

=  ^ 5  (4-4 +  7fl -  2<C +  D )M X ")

+  128(7,4 +  B + j ( C  +  D )A(i f‘ ) ±  3(C -  D)X(T)) (4.40)

which upon substitution for A,B,C and D yields:

Index(V) =  - 9X( ^ 8) “  +  1024A(X8). (4.41)

C orollary  30 The index of any such operator V  : r oo(5± ® A3(ST)) — ►
r°°(5T ® A3(5T)) as in Theorem 89 satisfies Index(V ) =  9 over S s.

Proof: The signature and A-genus are trivial as H*(S8, Z) is zero and any spin 
manifold X 4n admitting a  circle action which extends to its spin-structure 
must have A (X 4n) — 0 by a theorem of Atiyah and Hirzebruch. As the Euler 
characteristic of an even sphere gives x ^ 2") =  2 we have Index (T>) =  9 as 
claimed.

E quations 31 Let $  =  $° 0  where

$° : 5* ® A3(5T) ^  A1(R8) ® S ± ® S*  (4.42)

: 5* ® A3(5±) A1(R8) ® A1(M8) ® 5* ® 5* (4.43)

are injections of 50(8) modules. Then we define the complexified projec
tive self-dual (resp. anti-self dual) Einstein-Yang-Mills-Dirac equations of 
Euclidean signature relative to $  to be

IIjm(#<»)(r(A)) =  r(A) (4.44)

n /m(t. ) ( ^ ® ^ )  =  0 (4.45)

P roposition  32 Let (X s,gij) be an Einstein metric on an oriented 8-manifold
_ A

X  . Then A l - c  solves the system of Equations 81.
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Proof: As the connection A l - c  is torsion free we have t ( A l - c )  =  ^4t _c =  ® 
by assumption, so the only concern is the curvature. The Riemann curvature 
tensor R iiff  decomposes as

Rijk — n s*Rijk ® n Aoi?.ifc' 0  Uw3Rijkl (4.46)

where the first two terms .are the Ricci curvature tensor and the last 
term is the conformally invariant Weyl curvature tensor. The Equation for 
a metric to satisfy the Einstein condition is equivalent to requiring that

n s » J V  =  o (4.47)

or equivalently that the traceless Ricci curvature vanish identically. In our 
notation =  Y\ which is the only summand of the Riemmanian curvature 
which appears in our equations. Hence we are done.

Now consider

A(PFr) — » r°°(5* ® R *) — > A(P±)  (4.48)
given by inclusions of Sptn(8)-modules

A1 ® A2 A3(5 t ) ® S ± A1 ® S* ® 5* (4.49)

where a  is the unique orthogonal inclusion.

D efinitions 33 We will refer to an extended torsion tensor r(A ) of a con
nection A  € ^ ( f 3*) os admissible if it is in the image o f 4>°. We will call 4>° 
simple if its image lies in A1 ® (A2 0  A±) and frame compatible i / a o $ °  is 
equivalent to the map induced by the canonical inclusion

A2 «-♦ S* ® S* =  A° © A2 0  A£.

Lastly, we will say that is Lorenzian if Sq ® 5^ ® 5* C A:er(II/m(#i)).
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C hapter 5 

Solutions

5.1 Conformal Solutions on S8
Let SO(n) be the group of conformal transformations of Rn fixing the origin. 
Then given a conformal structure t) on a manifold X s, we define the conformal 
frame bundle

PftiS*) ^  SO(n) £* 50(8) x R+
i  (5.1)

X 8

as the sub-bundle of the full linear frame bundle P/r(T"X) given by

Pf, =  <{4}?.i s 4  e with e') = si"  Vi,;',[j] = ij.ands € R+)
(5.2)

so that given a choice of Riemannian metric compatible with the conformal 
structure we have a natural fibration

PTt{S8) -  R+
*r3 i  (5.3)

PpT
by considering the map which assigns to each conformal frame the unique 
orthonormal representative of its conformal equivalence class; dually, this fi
bration may be thought of as having a canonical section aaij : Pjrr (58) — ►
P fc(Ss). By design, for any 7  6  ConJ[Ss) we have a natural bundle isomor
phism

7 '■ P fi — * P f, (5-4)
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covering 7 . This gives us a natural action of the group of conformomorphisms 
on A{Pft)  by 7  • A =  (tt3 o 7  o stfj>)*(A).

T heorem  34 In the above notation, let $  be a metric injection of 50(8)- 
modules determining equations with $° simple and frame compatible, and 
Lorentzian. Then the translates o f A l- c (S*) by conformal dilations solve 
Equations SI.

Proof: Let 7  G C onf(Sa) — 50(9 ,1) be an arbitrary conformomorphim 
and p and A be as in Section 2.3. Then it suffices to demonstrate that the 
equations are solved at an arbitrary point q G 5s. We examine the behavior 
of the tensors r(A ), Fa , Ta for A = (7ra 0 7 0  sJij)*(J4 i_c(58)).

By assumption, $° is frame compatible so the torsion is all admissible. We 
could actually weaken the assumption by just requiring $° to be simple in the 
language of 33 as all torsion of 2.43 lives within the summand ft1 C J)1 ® fl3 
and this representation does not appear within ft1 ® by Proposition 12. 
We will then restrict our attention to the frame bundle as the simplicity of 
$° means that Fa , Ta will be valued in Q2 ® Ad(Ppr) and r°°(S2(T*X) ® 
Ad(PFr)).

Recall that the definition of curvature tells us that if f  : Pg — ► Qg is a 
bundlemap and A  G A(Qq), then F/*(a) =  f*(PX)‘ We must then examine 
the effect of pulling back a connection with respect to the decompositions of 
Propositions 21 and 22.

Now the curvature of A i- c  € A{Ppr) is all scalar curvature. This is 
clear because given any x G 5 s we have Stab(x) = 50(8) acting on 5 8 by 
isometries. Consider then that both IIweyi(^ijii/) n5g(i2ijfc') must be 
fixed under this action. Thus we must have ntvevK-RijV) =  =  0
as 5q and W eyl = C2(A3) are irreducible 50(8) representations.

Given that Ad : SO(n) — * 50(A 3(Rn)) is an irreducible contragradiant 
representation for n ^  4, Shur’s lemma tells us that the only invariants of 
A3(K") <8> A3(Rn) are the multiples of J2t<j(d«t- A dxj) ® (dx, A dxj). Thus we 
know that the curvature is of the form

R  = 53 R[ij][»j](da:,- A dxj) ® (dx, A dxj) (5.5)
*<i

where is a constant (independent of i , j  and p G 5 s).
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We wish then to consider the difference between the pullback of A3 under 
the usual operation of pull-back of forms and the pull back of Ad(JV>). To 
this end we consider the natural bundle maps

%  ^  P b  P F r -* *  P ? r  *  P Jr  (5.6)

where the first map corresponds to the tautological inclusion of 5.2 and the 
second to the composition of the projection of 5.3 with the natural inclusion 
of the orthonormal frame bundle within the full linear frame bundle. Then 
the two notions of pull-back are represented by the sequences of bundle maps

P Jr

>
P F r  ^ 4  X  P f ;  (5.7)

\
PFr ** PJr

where the pull back of Ad(/Vr) under (430^307*03 ,̂ .)* differs from the usual 
pullback of two-forms (i.e., of A7(T*X) ^  PjT xa* A3(Rn) via (4107* os^.)*) 
by the action of R+ in 50(n) acting as intertwiners of the SO(n) represen
tations. This means that while the pullback of the Levi-Civita connection 
will not have constant curvature, none of the curvature's other summands 
will contribute to the curvature. As the scalar summand does not appear 
in the decomposition of Proposition 16, we know that the curvature of the 
conformal translates of Al- c(S&) must satisfy II/m($i)(F,4) =  0.

It remains to check that $ 1(Ta) =  0 . Let us assume that we are given a 
conformal dilation 7  centered at p € 5". We want to examine the behaviour 
of Ta at an arbitrary point q. First let us assume that p ^  q, and denote 
by 50(7)Pl, *-> 50(8)p «—» 50(9) the inclusions of the groups stabilizing the 
points of the great circle joining p and q, and the point p itself. The pullback 
of the Levi-Civita connection under 7  will not have the full 50(9) symmetry 
of A i-c  but it will be invariant under 50(7)Pi,. As $ 1(Ta) 6  fl° ®Ad(P±) C 
r°°(53 <8> Ad(P^)) by the assumption that $ x is Lorentzian, we can examine 
the value of $ x(7a) at q under the action of 50(7)P(fl. We know that the 
extended torsion is zero and so Ta G ® C ® Ad(P±) and thus we 
must decompose A3(R8) under 50(7)Pi,. As this is given by

A3(R8) —so(7)Plfl A3(R7) ® Al (R7) (5.8)
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we see that there are no 1-dimensional invariant subspaces and therefore
we must have — 0 for q ^  ±p. Continuity (or the irreducibility of
A3(R8)) establishes the rest.

C orollary 35 The system

nj:® *°(r(4)) -  n*;®*l (r(A)) =  0 (5.9)

n  £®A4(FU) =  n ^ V * )  -  n^®*“(F^) (5.10)

n£® A4(FU) =  -n £ ® A“(F 0 (5.11)

n£® A1(F ,) =  n A;®A"(7u) -  n£® A'(FU) (5.12)
n n (F t) =  0 (5.13)

is an elliptic system of equations with index 9 on S8 and 5*0(9,1)/5D(9) *—* 
M (S 8). Here IIy denotes the projection IIy : U — ► V  for (reducible) repre
sentations U =  V  © W . As all such V ’s are unique in the above, these are 
well defined without further specification.

Proof: This system corresponds to the 5th set of constants A.5 in the ap
pendix. The determinant of the symbol matrix p (in the basis used by the
program) is computed over the integers to be Det(p) =  — l-2512-3"-5ai-78 ^  0 
so the equations are elliptic. This set of equations fits the criteria of the the
orem by implicitly determining an elliptic choice of $  =  $° H- which is 
frame-compatible, special and Lorentzian so we are done.

5.2 A bstract Solution to  m anifestly elliptic  
equations on S8

We give below similar equations whose elliptic character is more transparent.
By Proposition 14, /2± is uniquely contained as a sub-representation of 

A1 ® S*; we will denote this inclusion by to. There is therfore a  unique 
inclusion map

ti : R* ® S ± *-+ A1 ® S* ® S* (5.14)
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extending to which acts as the identity on the last S ± factor of the domain 
and range. Recalling that Ad{P^) S' 5* ® S*, we define $° by the map i\ 
above.

To define the injection of Ft?1 ® S*  into A1 ® A1 ® S± ® 5* we use 
the to inclusion to include B? into the 2nd and 3rd factors while taking the 
adjoint of the Clifford multiplication map of 2.20 to include into the tensor 
product of the 1'* and 4th factors.

With these definitions it is then clear that if we retain our choice of Ta , 
that the linearization of these equations is precisely the the ±-chirality Dirac 
operator twisted by the B? coeffificient bundle. The extended Levi-Civita 
connection A l- c still gives us a solution by Proposition 32.
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C hapter 6

Further R em arks

We collect here some remarks intended to put the previous chapters in some 
kind of context. These remarks will often be without proof and should be 
considered accordingly.

6.1 Am plification o f Facts From R epresen
tation  Theory

P roposition  36 For 0 <  i <  j  < 5 , there exist a sequence of maps

0 — ► C7(A*'(Rn), A^(Kn)) A'(Rn) 0  AJ'(Rn) (6.1)

A*'"1 0  (AJ-1(Rn) 0  AJ+1(Kn)) — » A*“*(R") 0  AJ'(Rn) — + 0 
which is exact as a sequence of SO(n)-modules for any n.

D efinition 37
S*(R“) =  S*'(Rn) e  5*“2(Rn) (6.2)

or equivalently S*0(Rn) =  C'(Rn).

P roposition  38 For any n, there exist a sequence of maps such that

0 — ► C(A‘, 5*) A* ® S* — ► A' -1 ® ST — ► 0 for i < n  (6.3)

is exact as a sequence of SO(2n) representations.
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Proposition  39 For any n, there exist a sequence o f maps suck that

is exact as a sequence of SO(2n) representations.

C orollary  40 1. K(Mn) is irreducible o f dimension ("J — — (."j)
except in the case o f middle dimension where the decomposition into 
irreducibles K„(R3") S  y+(R2n) © K-(R3n).

6.2 Proposed E xtension o f Self-Dual Equa
tions to  Even D im ensions

Note: Dimensions 4n and 4n+2 have a slightly different character to them 
in that in dimension 4n> the spin representations are self-conjugate whether 
they are quatemionic or real whereas in 4^+2 they are complex and not self 
conjugate. We will therefore simplify and discuss extension for 4n and leave 
the details of 4n+2 to the interested reader who should have no difficulty.

In the preceding chapters we have used the representations A3(5±) to 
extend the self dual equations to dimension 8. A closer look shows that an 
attempt to extend our equations to other dimensions via the third exterior 
power of the semi-spin representations does not work. The dependence on 
triality is reason enough not to find this too surprising.

We propose that the correct picture should come from the isomorphism 
A3(5±) =  C(T, 5 ±) =  if*1 and using i?* as the auxiliary bundle with which 
to twist.

P roposition  41 For n G2Z we have

«  A1(R2n) © y2(R2n) © A3(R2n) © ... © An" 1(R2n) © ^ ( R 2”) (6.8)

0 — ► C (S ', S*) S' <8)5* — ► 5 '-1 ® S*  — ► 0 (6.4)

5* <8> if*= ^  © ^ (A 2,'"1(R2n) © yai(R2n)) © Y * (R2n) (6.5)

as an equivalence of 50(2n) representations.

Proof:
(6.6)
(6.7)

Likewise:
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Proposition 42 For n  G 2Z we have

® &  & ©r=/?(K2i_1(ffian) © Aa,(Ran)) © A£(Ran) (6.9)

as an equivalence of SO(2n) representations.

Proof:
5 T ®fe± (6 .io)

=  (ffi"ioAa*_1(Ran) ® T ) e  (©?'aAa<(Ran)) (6 .11)

9* y1(H3n) © Aa(Rari) © y3(R2n) ® ... ® Ki-i(R2") ® A£(R2n) (6.12)
In these dimensions (those divisible by 4) the complexified projective spin 

representations are of the form

PA £ : SO(2n) — ► U(22n- 1) f { ± I d } .  (6.13)

The Lie algebras u±(2an_l) decompose under SO(2n) into irreducible repre
sentations as;

u±(2a"-i) s  ©?/jAa,'(]Ran) 0  A£(R3n). (6.14)

We see by Proposition 36 that the equations 

E quations 43
nj;® A“(T(A)) =  0 (6.15)

n j ; ,? r ( r (A ))  =  0 i > 2 (6.16)

n*’®A1(Fx) =  0 (6.17)

n J £ f ” W 0  =  - n A; ® f +’(F .)  < >  i  (6.18)

a n f f i f 'U n )  =  (/in A; a f " ( r A) (6 .19)

-7njg8S“(^)-m g8J“M(FU)) i> i  a,0,7,( e x
are well defined for connections A  G A(Ppr x PA± f/(2a"- 1)/{± /d}) over 
(X 2n,gij) once the indeterminates a — 6 are chosen (with the proviso that 
one interprets A" and Yn as AJ. and wherever they appear above).

Given any choice of constants for which these equations are elliptic, their 
index will be the same as that of the ±-chirality dirac operators twisted by 
R*.
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Proposition  44 The index o f

f a  S+ ® — >S~® R* (6.20)

on 5 3n is ±(2n +  1).

Proof: As noted before, the index of the positive chirality Dirac operator 
twisted by a coefficient bundle E  over X 2n is equal to A(T*{X2n))ch(E)[X2n]. 
On the sphere S3n, this is calculated by recalling that A(T*(S'in)) =  1 € 
H °(S2n), ch{T*(S2n)) = 2n €  H °(S2n) and < cA(S*), [S2n] > =  ± 1. This 
then gives us

IndextfA  =  A(T*(52n))ch(i^±)[53,l] (6 .21)

=  ch(S± ® T * e  =  ( c ^ S ^ c ^ r * )  -  c ^ S * ) )^ " ]  (6.22)

=  ±(2n +  1) (6.23)
as claimed.

C orollary  45 The virtual dimension of the moduli space of solutions M ( S 2n) 
is 2n +  1 for elliptic choices of Equations 43 (of either chirality).

Proof: Clear.
The question remains as to why this should have anything to do with 

conformal transformations. I believe that the answer should come from ‘un
rolling’ the operator fa :  S+ ® R* — ► S~ ® R* into

y x —  — ► k3 •* — > r n_! — > y *
S  Q S  Q S  f  9  f  (6.24)

A1 — > A3 — ► A3 — ► A" " 1 — ► AJ

by Propositions 41 and 42. While I have not (yet) made any attempt to 
prove that 6.24 is actually an elliptic complex, the natural symbol sequence 
is exact. Let us examine the first term.

As we have said before Y\ =  Sq(T*X). The natural l “*-order differential 
operator 6 : roo(52(T1*)) — ► fl1 called the divergence (cf. e.g. [6] pp. 35) 
has as its adjoint 6m £  d* ® 4 : D1 — ► D° © ^ ( ^ ( T ^ ) )  “  roo(53(r*A')). 
Now for any E D, (7,*A')

6mu> = —~Lwtgij (6.25)
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and hence V  € r°°(7'A') is a Killing field (an infinitesimal isometry) if and 
only if £*(V*) =  0. It is just as easy to see that V  is the infinitesimal generator 
of a conformal self map if and only if (Ily, o 5*)(Vt) =  ^(Vb) =  0. We refer 
to such a vector field as a conformal Killing field.

Let V  be any conformal Killing field of S 2n. If V  is an actual killing field, 
V* will be not be closed under the usual exterior derivative unless V* =  0. 
This is due to the fact that by 6.25, 6*,(Vrt) =  0 implies d*(Vr|>) =  0 and by 
Hodge theory V  =  0 as H l (S2n) — 0 implies a unique harmonic 1-form.

Recall that the group of conformal transformations of S 2n is SO(2n +  1,1); 
exponentiation therefore gives a natural isomorphism between the Lie-algebra 
of conformal Killing fields under the natural bracket of vector fields, and 
so(2n +  1,1) with the space of Killing fields corresponding to the exponenti
ation of the sub-algebra ao(2n +  1) C so(2n +  1,1). An arbitrary conformal 
dilation 4>p fixing p € S 2n is obviously generated by an 50(2n)-symmetric 
gradient vector field V = (d/)*. The space spanned by such fields is isomor
phic to so(2n +  1, l)/*o(2n +  1) S  R2n+1 by the above and with any such V  
satisfying

(d © d )(^ l,) =  0. (6.26)

This is (conjecturally) the source of the *co-homology’ of 6.24 and matches 
the Euler characteristic of the rolled up complex computed in Proposition 44 
assuming that all other ‘co-homology1 vanishes.

It is also worth mentioning here why the author considers this a gener
alization of the self-dual equations. One could of course adopt the point of 
view that the self dual equations are governed by an elliptic complexes based 
on the 'half-signature’ complexes 2.37 and 2.38 whereas ours are based on 
complexes of the form 6 .20. However, the discrepancy is not serious.

Recall that 50(4) may be represented as the semi-direct product

50(4) =  5 |  XauHS3) Aut(Hl) =  Spin(3) Xconj (Spin(3)/Z2). (6.27)

Likewise
5p*n(4) S  5p(l)+ x 5p(l)„ (6.28)

with all irreducible representations of Spin(4) being of the form V+ ® W_ 
where V  and W  are irreducible representations of the 2-factors. Let us denote 
the trivial, defining, and adjoint representations of 5p(l)± by 1±, 5±, and 
Ad± respectively. It is then clear that T  C =  R j — ® S~ and that
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«(4) — Ad+ 0  Ad— Now given that S*  0  5* S? 1± 0  Ad± we have

S ± 0  A d ?  S t  (1± 0  S*) 0  (5* 0  ST) © (5± 0  1T). (6.29)

“  (S* 0  T*) © 5* a  IF .

For the case of the fundamental solutions to the Self-Dual-Yang-Mills 
equations (or ASDYME), the adjoint bundles to 1.1 are the bundles asso
ciated by Ad± above. Let us choose to look at the Self-Dual equations for 
simplicity. The fundamental deformation complex 2.42 when rolled up is 
equivalent to

$A' S+ 0  (S -  0  Ad+) — » 5" 0  (S~ 0  Ad+). (6.30)

But by 6.29, this is equivalent to 6.20 above. Thus we see that when the 
adjoint bundles to the (auxiliary) Principal bundles PSp(i) =  S 7 are incorpo
rated into the deformation complex by considering them as being associated 
to the structure bundle of S4, the usual deformation complex takes on the 
form of 6.20.

6.3 E xistence o f E instein  Structures
In [6], it is stated that there are at present no known obstructions to the 
existence of Einstein structures (Einstein metrics upto diffeomorphism) in 
dimension greater than 4. Given the relation to our equations it is worth 
asking whether they might shed light on the question of whether all manifolds 
in higher dimensions carry an Einstein structure.

Recall that the Rational (oriented) Co-Bordism group in dimension 8

® Q S Q 0 Q  (6.31)

is generated by QP(2) x CP(2) and OP(4). If X m and Y m are oriented mani
folds, then their product is represented in (we ignore the ring structure 
here) by

[X] • [Y ] “ [XU K] S  [X#Y]  (6.32)

where the above union is disjoint and the operation of connected sum is done 
with respect to the chosen orientations of X  and Y.
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Now the above generators carry the Pontrjagin numbers

< pj(a>(2) x  CP(2)), [CP(2) X CP(2)] > =  18 (6.33)

<  p*(CP(2) X CP(2)), [CP(2) x  0»(2)] > =  9 (6.34)

< p ? (C P (4 )),[C P (4 )]> = 2 5 (6.35)

<  Pa(CP(4)), [CP(4)] > =  10 (6.36)

hence by 4.6 and 4.7 we have

A(CP(2) x  CP (2)) =  256A(CP(2) x  CP (2)) = 4 (6.37)

A(CP(4)) =  256v4(CP(4)) =  6 (6.38)

<t(CP(2) x  CP (2)) = 1 (6.39)

<t(CP(4)) =  1 (6.40)

(cf. e.g. [9] pg. 346). Since the characteristic numbers above give additive
homomorphisms, we get the following formula

a ±  (S 8#  ( (# *  (CP (2) x  OP (2))) #  ( # i  (CP (4))))} =  ) (6.41)

_  9 ± 4 A (X ‘k l )
£ (6.42)

= 9x^X k <l ^  +  Q ±  ( I 6 if  +  24£)
A

(6.43)

9X( X I l )  ±  (31/T +  47£) 
2

(6.44)

9{2 + 7K + 3L)± (3 1K +4 7L )  
2 (6.45)

n , ( 6 3 ± 3 1 ) t f  +  ( 2 7 ± 4 7 )L =  9 +  2 (6.46)

So the family

X ‘j t i  =  X f  = S8#(#„(€P (2 ) x CP(2)))#(#ij(DP(4))) (6.47)

satisfies
a . ( X f )  =  9 (6.48)
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for all non-negative j  € Z. This raises (in my mind) the following ques
tion. £lf such a manifold carries an Einstein metric, what does its moduli 
space M + (X f)  look like? By assumption (and Proposition 32) we know that 
A i+ (X f) /  {<f>}. Likewise, as [Xf] ^  0 € f lf°  for j  >  1, it cannot of course 
be a smooth oriented 9-manifold with d(M + (X f)) ^  X f  unless we are in the 
degenerate case: j  = 0 . Here we have precisely

0(A*+(A?)) a  0 (X + (S 8)) S* d(B 9) “  S 8 (6.49)

(at least for the round Einstein metric).

6.4 Odd dim ensional com panion theories
In dimension 4, the theory of Self-Dual equations is closely related to theo
ries of connections on Three-manifolds. In one such approach pioneered by 
Taubes (leading to the Casson invariant), the flat connections on a trivial
ized S£/(2)-Principal bundle over a Homology-3-sphere (X 3tgij) are studied 
as the zeroes of the “vector field’1 [*/'U] on AjQ.  Here the vector field has 
fredholm linearization making it possible to count the zero’s of [♦f'U] (subject 
to a perturbation removing the possible degeneracies). Critical to this ap
proach is the ability in dimension 3 to relate the curvature Fa to the tangent 
space TaA(Pg) to the space of connections.

We wish to point out that a similar situation may arise here. If we are 
given an oriented Riemannian manifold (X 2n+1,gij), then we may (locally) 
define the twisted Dirac operator

fa: S  ® R — > S ® R  (6.50)

where analogously to the even dimensional situation we define R  =  C(T, S ).
The tensor product T ®  R ib given as

S(R2n+1) ® R(R2n+1) “  ©?=l(A’{R2n+l) © y;-(R2n+1)) (6.51)

whereas the complexified spin representation

P A C : SO{2n +  1) — ► U{2n) /  ±  1 (6.52)

determines principal bundles Pu(2n)/±\ — P ft  *pac U( 2 n) f  ±  1 with

Ad(Pvm l± ,) =  Aa* ( r X 3”+1). (6.53)
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We merely wish to point out that by Proposition 36 that the A* and Y j  
summands which appear in 6.51 occur in both the torsion and curvature of 
a connection A  € «4(iV(a»)/±i). This means that if 9° : S  ® R  *-♦ A1 ® 
Ad(iV(a»)/±i) is an injection and ft1 : (A3 ® S 2) ® Ad(iV(2n)/±i) — ► S  ® R  
then one can take a vector field of the form V  = $° o ® Ta) and
attempt to determine its behavior as in dimension 3.

6.5 Other Choices o f Bundles Governed by  
Other E lliptic Operators

We wish to point out here that while we have restricted our attention to the 
Complexified Projective Semi-spin representations, there exist many other 
possibilities to which this method might be applied. In addition, there is no 
reason to restrict ourselves to the operator

f o S + Q R *  — » S ' ® &  (6.54)

if we change our bundle.
The way in which we envision this is the following. Take a pair of chiral 

representations p* of the structure group <SO(2n) of a Riemannian manifold
( X 2n, g i j ) .  Secondly, use these representations to associate a pair of princi
pal bundles and analyze the irreducible summands of their ta , Fa,and Ta
tensors. Then locate and elliptic operator whose summands all appear in the
above.

For example, we could take the representations

p± : S0(2n) — ► 50(A J(R3n)) (6.55)

and use them to form the associated principal bundle

Pp± =  PFr x p± SO (A J(R 3B)). (6.56)

Now define via
Q± =  C(A8,5* ) (6.57)

and decompose the summands of the twisted dirac operator

#4: S + ® Q± — Q ± (6.58)
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for the Bake of concreteness we specialize to the case of 50(8) and assert that 
6.58 decomposes in this case as

W 2
s \

Yi © W 3
s \  s  \

0 — ► A2 © y3 0  W l  — ► 0 (6.59)
\  S  \

A3 © Y t
\  /

Ai

whereas Ad{Pp±) =  A2 © W±. It can be deduced from Proposition 36 that

A1 ® W± =  Y?  © W3  © C{A2, y f )  © C(A3, A i) (6.60)

as well as the fact that W± c  A2® W±. Therefore the curvature and torsion 
tensors contain all of the necessary summands and one can begin to formulate 
equations just has we have done for the spin bundles. We do not pursue this 
here.

6.6 Phenom ena Peculiar to  Low D im ensions
In low dimensions (say less than 9) there are two peculiar features which 
distinguish possibilities for theories of connections which do not occur else
where:

1. The manifold (X n,gij) has reducible, complex or repeated summands 
in the curvature and torsion of a connection A  € A(Ppr) which in 
higher dimensions would be irreducible real representations of simple 
multiplicity.

2. The manifold (Xg,<7ij) has an unusual G-structure determining de
compositions of the exterior algebra A*(T*Xq) making possible elliptic 
equations involving the curvature of connections on auxiliary bundles
Pa•
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6.6.1 R elativity +  Torsion in Dimension 4
As is well known, there are many peculiarities of 4-dimensional topology 
and geometry. We wish to discuss here some of the implications of the 
decomposition of the full curvature tensor of an arbitrary metric connection 
on a  Riemannian 4-manifold (X 4, </,,).

From Proposition 36 we know that

A2(R4) ®  A2(R4) £  A0 ® Y x @ A2 © A l © Y 3 ® A4 ® W* © W l  (6.61)

where Sq =  Y\ =  Y3  and A0 =  A4. We note that this is the only dimension 
where either the Y\ or the A° summands appear with non-simple multiplicity. 
To see where this might have some significance, let us recall the set up of 
General Relativity in dimension n=4.

Let Met(Xn) be the space of C°° metrics on a manifold X n and Diff[Xn) 
denote the group of all diffeomorphisms of X n. The tangent space to M et(Xn) 
is r°°(52(r*(X n))) while the Lie algebra of Diff[Xn) is just the space of 
infinitesimal flows Vect(Xn), with the Lie bracket of vector fields giving the 
Lie bracket in the Lie algebra.

The group Diff(Xn) acts naturally on Met(Xn) via 7  • 
where 7  G Diff[Xn). At any given metric G M et(Xn), the induced map 
of tangent spaces

Datu/ : Vect{Xn) — » r oo(52(T*(A’B))) (6.62)

is the adjoint of the divergence

69tty : r°°(52(r*(A-n))) — + P ^ C r f * " ) ) ) .  (6.63)

Now assume we are modeling a physical system £  (eg. electro-magnetism, 
scalar mesons) with some space of field like objects which behave well under 
pull back (connections, sections of vector bundles, ...) and for which we are 
given a local lagrange density

A** : s  — ► R (6.64)

defining the dynamics. Then the theory of General Relativity is the state
ment that the spacetime metric and matter distribution a  G E should 
satisfy

-  dT(o)g^  (6.65)
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on M et(Xn) where
«% ^ ) = f  * ( . 9 i a v )  dvolBtiV (6.66)

J X n
is the function

$  : Met(Xn) —+ R (6.67)
given by the integral of the scalar curvature of the Levi-Civita connection of 

v with respect to its natural volume form, and T(<r)(gu„) — ► R is deter
mined by

'J'(o')(gt4«/) =  C gtiV( a )  dvolaitv. (6.68)

This is equivalent to the standard formulation of Equation 2.33 with /3 =  0 
by a computation that dSatiU =  — 1/2sg ^  which can be found in
[ « ] . .......................

Einstein initially found this theory by searching for a natural symmetric 
two-tensor built from the metric which was guaranteed to be divergence free. 
The fact that R ^  — \ f rlsgiiv satisfies 6gflvGgv =  0 can most naturally be 
seen from the above by observing that S is invariant under Diff[Xn)\ hence 
dS3(iV | Dijnf(xn) =  0 And the conclusion follows from 6.62.

Now in this formulation, only the Levi-Civita connection on the frame 
bundle is considered. As such, there is nothing particularly interesting about 
dimension 4. If one allows for the possibility of torsion however, the situation 
changes.

Let us assume that we are given a metric connection A  E A(PFr(Xg..)) 
with (possibly) non-zero torsion. In this case we could (for example) posit 
that Tp„ be a linear combination of IIa< (Fa) and I I ^ F a )  such as = 
*nya©A«(^U) — 5 * n A*(^U) and ask for solutions of equations like

Gftu = *ny3®A4(^U) ~  2 * ^A4(^U)- (6.69)

Similarly, as we have two scalar summands of Fa, we could consider a La- 
grangian of the form

H j A) = Jx t (3(9^) dvolaitu + IIa*(Fa)). (6.70)

The author suspects that a  satisfactory elliptic theory (for Euclidian sig
nature) might have to require an additional vanishing condition such as 
IIa3(Fa) =  0 together with a vanishing condition in the torsion like IIk±(7a). 
But this is purely speculative.
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6.6.2 O ther Peculiarities of Torsion and Curvature 
summands in Low Dimensions for Ppr

D im ension 5

The irreducible summands of the torsion of a Riemannian 4-fold A1, >2, A3 
are dual to the summands A4, Y$, A3. This Allows one to investigate the 
Vector field *nA«eV3©Aa(i'U) on A(Pf y).

D im ension 6

Dimension 6 is distinguished in the following ways. The A3 summand of 
the torsion is a complex representation as is the >3 representation in the 
curvature. The A3 and A4 representation are hodge dual to each other as 
well.

D im ension 7

The A3 summand of the torsion is dual to the A4 summand of the curvature. 

D im ension 8

Dimension 8 is distinguished in that metric connections on Ppr carry an 
intrinsic notion of chiral curvature. To see this we recall that the algebraic 
Bianchi identity

R j  + + Rki/ = 0 (671)
for the curvature tensor of the Levi-Civita connection is equivalent to the as
sertion that Hj^*(Rijkt) =  0. This is not valid if the connection is metric with 
non-zero torsion. In this case nA^fiy**) is irreducible unless the dimension 
is 8. Here this summand decomposes as

n*. ( R j )  =  n n  (BgJ) ® n A. (6.72)

where both summands on the right hand side are irreducible. This has 
the further implication that the summands of the complete rolled up half- 
signature complex live with in the Torsion and Curvature summands for Ppr.
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6.6.3 £{7(3)-Structures in Dimension 6
We point out that the Dolbeaut sequence of representations in dimension 6 
for a space with a(n) (almost) complex structure and a(n) (almost) complex 
orientation is the complex analog of the DeRahm sequence in real dimen
sion 3. It appears that one could attempt to develop a Yang-Mills-Higgs 
monopole theory along the lines discussed in Atiyah and Hitchen’s mono
graph on monopoles for this restricted class of spaces. The most notorious 
example of such a space is S6 S  Ga/5(7(3) for which it is unknown whether 
the space carries and integrable complex structure.

6.6.4 G2-Structures in Dimension 7
Casson‘s invariant of a Homology 3 sphere E3 was reinterpreted by Taubes 
to be the “Euler Carachteristic” of a  vector held on the Space of Connections 
of the Trivial Principal 5t/(2)-bundle Psu(2 ) =  S3 x 5(7(2).

If we assume that we are given a  7-manifold (Xq3 , g^) whose frame bundle 
Ppr has been reduced via the canonical inclusion t : G2 ► 50(7) to a 
bundle Pg?, then we can ask for the zeros of the “vector field” iimr(i^). 
While the analogous elliptic machinery exists (assuming the G2 structure), 
the geometric problems seem far more complicated.

6.6.5 5pm(7)-Structures in Dimension 8
Consider the real 8-dimensional Spin-representation of Spin(7)

A : Spin{7) — ► 50(8) (6.73)

and consider an 8-dimensional Riemannian manifold (X |pin̂ 7),gij) whose 
structure bundle of frames Pft has been reduced from 50(8) to Spin(7) 
via A. Now on such a manifold, the two forms decompose as the direct sum

A2(R8) “  R7 © A2(R7). (6.74)

This makes it possible to define the equation

Pa  =  n A*(BT)(-FU) (6.75)
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for a connection A €  A ( P q ) on an auxiliary principal G-bundle P a  over 
(<Y£pt-n(7)>#>;)* This equation is well defined on Gauge equivalence classes 
and thus cuts out a  submanifold M . ( P q ) C A ( P q ) / G ( P g )-

Analogously to the 4-dimensional situation, the virtual tangent space to 
[A] € Ad is given at A  € A  as H l of the complex

0 — * fl° ® Ad(Po) ft1 ® Ad(Pa ) ® Ad{Pa) — ► 0. (6.T6)

This complex is elliptic with symbol given by Octonionic multiplication; non
degeneracy is assured by the fact that Q is a  division algebra. The com
plex 6.76 when rolled up is likewise equivalent to the twisted Dirac operator

v f a  S+ ® Ad(Pa) — ► S~ ® Ad{Pa ). (6.77)

As such, the index of 6.76 gives the dimension of Ad as

D im (M ) = «  i ( X | , in(7)) ■ ch(Ad(Pa )), [ X ^ n l  »  (6.78)

assuming that H° =  H 2 = 0. This theory is limited by two main factors. 
Firstly, that ellipticity rests on the notion of a division algebra. As these 
algebras occur only in dimensions 1,2,4 and 8, it can be easily seen that 
there are no other theories of this form as dimensional considerations pro
hibit. Secondly, the class of 8-manifolds admitting a Spin(7) structure are 
limited by considerations of characteristic classes. In order for a manifold to 
carry such a structure, its tangent bundle must satisfy a somewhat restric
tive equation in its characteristic classes. While there are many important 
8-manifolds which satisfy this equation (e.g. HP2), the sphere 58 is not one 
of them. Thus we do not have a model for the fundamental solutions of this 
theory.

We point out that by an exceptional isomorphism, 517(4) =  5pm(6). If 
one considers a Galabi-Yau manifold to be a Kahler manifold whose structure 
bundle and holonomy have been reduced to SU(n) then it is easy to see that 
in real Dimension 8, a Calabi-Yau space is necessarily a Spin(7) manifold. 
For this class of 5pm(7) spaces, the above theory iB actually a generaliza
tion of the theory of Degree 0 stable bundles in the senBe that there is an 
inclusion from the moduli space of Degree 0 stable bundles into the space 
of Connections with 11x3(17)(FU). This is demonstrated by using the Work 
of Uhlenbeck and Yau showing that on any stable bundle, there is a choice
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of connection with constant curvature along the Kahler form. In the case of 
Degree 0 bundles, the curvature vanishes identically along the Kahler form 
forcing the curvature to lie in the preferred summand relative to the Spin(7) 
structure.

6.7 O ther E lliptic Sym bol Sequences
The reader has probably suspected by now that the decompositions 6.24 
and 6.59 are in fact related to some more general phenomena. We should 
probably point out that this work iB some sense a first application of a more 
ambitious project to develop a constellation of co-homology theories gener
alizing the DeRahm theory using a  notion of generalized ellipticity of the 
type considered by Douglis, Nirenberg and Agmon. We excerpt below from 
a letter describing the general outline of the approach (sent to Raoul Bott).

Dear Raoul,
The object of this note is to describe a sequence of vector bundles over 

a Riemannian manifold ( X n,g i j )  which I  think you might find interesting. 
I  think that these sequences may be related to cohomolgy theories via a gen
eralization of the notion of an elliptic complex, where not all operators in 
the complex are o f the same order. This is a substantial generalization of 
the sequence ... which we discussed on the last day o f my trip [Jan-Feb 
1992].

For simplicity, let me assume that we are on a Spin(2m ) manifold for the 
moment so that it will be sufficient to specify these bundles by representations 
of the lie algebra o f Spin(2m). The sequences of bundles are functorially 
associated to Quadruples, ( X 2m, PsPin(2m), V, ®o) consisting o f a manifold X ,  
a spin structure given by a principal Spin(2m) bundle Pspin(2m) covering the 
bundle of orthonormal frames, an irreducible representation V  of Spin(2m), 
and a non negative integer x q .  All representations should be taken complex 
when necessary.

Let us say we are given an irreducible representation V\ o f highest weight 
X of Spin{2m) together with a non-negative integer x0 which we will refer to 
as the level. Recall that the highest weights of the irreducible representations 
are in one to one correspondence with the with maps from the set of simple
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roots into the non-negative integers. We may find it convenient to represent 
a given irreducible Spin(2m)-module by such an integral labeling of the nodes 
of the appropriate Dynkin diagram. As Spin(2m) corresponds to the Dm dia
gram, let us fix the notation that an ordered m-tuple of non-negative integers 
(xj, X j , x , - , x m_1? xm) corresponds to the labeling where x,- is assigned to
the iik node (going from left to right) as long as i < m  — 2 and xm_i is
assigned to the upper node (or positive-fork) and xm is assigned to the lower 
node (negative fork).

We will now specify irreducible representations of Spin(2m), 
and a reducible representation p%f° S  p^+  © p ^ l  whose summands are 
irreducible. In this sequence Pq’*0 =  V*. Explicitly:

Po ° =  (® lt *»>*•> ®m—1» ®m)

Pi' ° ~  (3>0 "I" 1 4" ®ii ®m-li ®m)
P i’ ~~ "I" 1 4"

Pm—°1 =  (* 0 ,® ! ,.. ,® ^  "»® m -3j® m -2 +  1 +  ®m-l>®m-2 +  1 +  ®m)

PmH- =  ®»j •*> ®m—3i ®m—2 4" 2 4* Xm_j 4" ®mj ®m—2)

Pm,— ~  (®0, ®1» ®i> -m ®m—3> ®m—2i ®m—2 4“ 2 4“ ®m—1 4* ®m)

j4n<Z trivialy we define pf'*0 =  p2m-i f or * 7Zm -
While this way o f expressing vector bundles might appear slightly unfamil

iar at first, it should be noted that not all o f these sequences are unfamiliar 
as the deRahm cohomology corresponds to the sequence fl'(T*X 2m) = p*,x° 
gotten from the trivial representation X =  0, at level ®o =  0. Further, the Yi
sequence is in correspondence with the Pj'x°-series determined by X = 0, at
level x0 — l.

So first of all I  wanted to know if this is some well known series. The 
reason I  ask is that there are several interesting things about this sequence.

The first striking fact is that the Weyl dimension formula gives
2m
£ ( - l ) * I > =0.
i=o

Secondly, just as in the case of the DeRahm complex, this sequence further 
breaks into two half signature ’ complexes. These have the stronger property 
that separately:
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E ( - ! ) '  D im (ri'-) =  0
<=0

£ (-l)* Z M m (p ^ ) = 0.
i=0

Further, the computer says that the faltemating sum* of these bundles in 
the sense o f K-theory, when pulled up to the unit sphere bundle ofT*(X),  is 
trivial. Lastly, it appears that we always have

c  S ? +'(T * (X 2m)) ® p$’xo

and that it is this heterogeneous sequence of *symbol’ maps which reatizes the 
isomorphism. Here, S£i+1(T*(X2m)) C S*i+1(T*(JY2m)) is the sub-bundle of 
the symmetric bundle defined by the irreducible representation of Spin(2m) 
whose highest weight is x,- +  1-times the highest weight of the defining repre
sentation

f t : Spin(2m) — ► S0(2m).
Thus we appear to be defining, via a generalized exact symbol sequence, an 
element of the compactly supported K-theory ofT*(X).

The big difference with the standard notion of elliptic complexes is that 
the order of the operators used is not uniform. For instance, our Y; sequence 
starts off with a second order operator and is then followed by first order 
operators. This might not be so crazy since ... the sum of the principal 
symbols of a heterogeneous complex is not the same as the principal symbol 
of the corresponding rolled up operator; these coincide only with if  one makes 
the usual homogeneity assumption.

However there are some interesting instances where these p, sequences 
have homogeneous order. For example, consider the usual dirac operator 
comming from the Levi-Civita connection A:

fo :S +  — ►£-.

Via representation theory, this operator is defined by noticing that

S + ® T * S 5‘ ® Tw~
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where Tw~ — C(S+,T)  is the irreducible “twistor” representation which is 
most easily described as the above cartan product. We can express the Dirac 
operator as the composition:

fa: s+  ^ 4  S+ ®T* ^  S~.

Now instead of following covariant differentiation by projection onto the sub
space o f negative spinors, we could project onto the orthogonal compliment 
Tw~ which yields an operator

fa : S + — ► Tw~

which is often refered to as the “Twistor operator”. Unlike the Dirac operator 
however, this operator is not elliptic. However we can extend it to an elliptic 
complex (at least at the level o f its symbol sequence) by viewing it as the first 
operator in the sequence corresponding to V\ — S + and level xo =  0. 

Conversely, the co-twistor operator

fa :S ~  — * Tw+

gotten from the adjoint of the Dirac operator

K - . S - — , s *

can likewise be extended. All operators here are first order. It had never 
occured to me that untwisted spinors might appear in other elliptic com
plexes/operators. Here one has two candidate elliptic complexes extending 
the twistor operators with (elliptic) maps between the candidate chain groups 
where the first such map is the usual Dirac operator. Two ways in which this 
might be useful are to try and explain:

I. Why the Dirac operator is rigid while its kernel and co-kernal are not.
II. Why the Dirac operator does not give a topologically invariant two 

step cohomology theory.
by including the Dirac operator inside o f larger elliptic operators and com
plexes.

One other thing occurs to me. I  was thinking about your opening remarks 
in your paper with Cliff on the Witten rigidity conjectures. You remark that 
the G-index of the two step DeRahm and Signature operators is rigid as
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they are given as rolled up elliptic complexes whose cohomology is homotopy 
invariant as the harmonic forms stay put. Then you go on to prove that two 
other sequences o f operators are universally rigid corresponding to formal 
generalizations of the Signature and Dirac operators (requiring w? =  0 and 
Pi =  0 respectively). This is preceded by the remark that “even the first new 
candidate”, corresponding to tensoring the signature operator by the tangent 
bundle, cannot be proven to be rigid in isolation.

So I  was thinking, that you don‘t unroll these operators but treat them as 
two step complexes. However if you unroll this first operator, and subtract 
2 unrolled signature operators from it (which are already known to be rigid) 
then you get back exactly our Yj sequence and are proving a theorem which 
might be made more concrete i f  the Y, sequence were giving rise to a homotopy 
insensitive cohomology theory.

So I  started trying some of your higher operators above the first level, 
and it seems to me that for any of your operators I  can give you a formal 
sequence of these rolled up pi'Xo bundles with operators which is equivalent to 
your twisted signature operators.

The point is that maybe you are proving theorems about combinations of 
cohomology theories and that these combinations in particular are rigid.

Various ones of the above sequences exist for O(n), SO(n) and Pin(n) 
structures a well as analogues for U(n) and SU(n) and Sp(n)Sp(l). The 
question is whether these symbol sequences should come from an honest dif
ferential with <P = 0 gotten from successive covariant differentiation using the 
Levi-Civita connection followed by projection. The dimensional numerology 
seems compelling to me but I  have not really considered these much beyond 
what I  am telling you...I am wondering what you make o f all this.

All The Best,
Eric

[Sent July 18 to Svetlana@math.harvaxd.edu. Sent in previous version: May 
3rd 1992 to gordana@joe.math.uga.edu]

From this point of view, the “complexes” 6.24 and 6.59 come from the 
decompositions of the above “inch-worm” sequences for $1(8, R) (correspond
ing to the Ar Dynkin diagram) under the canonical 50(8) subgroup. The
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author requests permission to work the theory out somewhat further before 
saying anything more.

6.8 Spin(10)-Phenom enology
We would like to finish by discussing briefly the physical motivation for the 
present work.

Let (A"1'3, <7,j) be a Lorentzian space time with spin structure and Pq be a 
Principal G-bundle over X 1’3 with E  = Pa x„V  an associated vector bundle.

In what is currently regarded as the ‘Standard model’ the particles of 
nature which make up ordinary matter at its most basic level are modeled 
by sections of a bundle of the form (5+ 0  S~) ® E  and are refered to as 
(fundamental) fermions. The standard model takes for its group G

G =  51/(3) x SU(2) x 17(1) (6.79)

and E  to contain a 16 dimensional (or at the least 15 dimensional, depending 
on whether neutrinos are assumed massive) complex representation of G. In 
the full theory, the 16 dimension dimensional (sub)-representation is repeated 
three times corresponding to three families of fundamental fermions.

Now let us assume that we are given a Riemannian immersion

t : — . (X*'3W,J<,) (6.80)

where we assume that j  > 10. If we took the Dirac operator on the total 
space and restricted it to t(X 1<3) then it would appear as a twisted Dirac 
operator

$Ai 5+(X 1-3) ® E  — ► S ~ (X 1>3) ® E  (6.81)
where the coefficient bundle

E  =  (5+(JVt) ® S-{N,))  (6.82)

would be the total spin bundle of the normal bundle Nt and there would be 
a (presumably slight) correction factor from the second fundamental form of 
the immersion.

For simplicity, we will discuss the case j=10. Let us make the assumption 
that we can reduce the structure group of Nt via the chain

G  C 5t/(5) C 5pin( 10) (6.83)
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where the inclusions are those familiar from the Georgi-Glashow Grand uni
fied theory. In this case we may take the structure group of the normal 
bundle to be Pq and J? to be as in 6.82. It is striking to notice that we 
recover essentially the correct quantum numbers (representations) from the 
splitting of the ordinary Dirac operator under the restriction to the immersed 
sub-manifold.

In summary, the “SO(10)”-particle phenomenology, iB perceived by us as 
a strong geometric motivation for the existence of sophisticated equations 
governing Spin-bundles in higher dimensions. The ability to find l jt order 
Yang-Mills equations for these bundles capturing something of the flavor of 
the 4-dimensional theory seems encouraging to this end.
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A ppendix  A  

D eterm inants

A .l M athem atica C ode G enerating the Sym 
bol M atrix 1

dim -8; (*  The d im ension  we a re  a t  ♦) 
v » w [ i ] ; (*  The co ta n g en t v e c to r  *)

C le a r [ l in e a r ]  (*  l in e a r [o p ]  d e c la r e s  op t o  be l i n e a r ,  
s im i la r ly  f o r  m lin ea r  *) 
l in e a r  [op_] : - (o p [0 ]« 0 ;

op[x_Symbol * y _ ] : - x * o p [ y ] ; 
op[x_?NumberQ * y _ ] : - x * o p [ y ] ; 
o p [x _ + y _ ]:-o p [x ]+ o p [y ] )

C lea r[m lin ea r]
m l in e a r [ o p _ ] : - ( o p [ l f t  , 0 , r g t  ] - 0 ;
o p [ l f t  ,x_?NumberQ * y „ ,r g t  ] : « x * o p [ l f t ,y , r g t ] ;
o p [ l f t  ,x_Symbol * y _ ,r g t  ] : « x * o p [ l f t ,y ,r g t 3 ;
op [ I f  t  , x_+y_, r g t  ] : -op  [ I f  t , x , r g t ]  +op [ I f  t , y , r g t ] )

C lea r [n ] (*  The "mod out by r e la t io n s "  o p era to r  *)
S e tA t tr ib u te s [n ,L is ta b le ]

1 Available from eric@humus.huji.ac.il
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l in e a r  [n]
n [T [x  ] ] : - n  / •  T [x]

(*  v  i s  th e  wedge c o n ta in e r  *)
n [w [x____] ] : -S ig n a t u r e [ L is t [ x ] ] * (w CO U n io n [L is t  [ x ] ] )

C lear[T ] (*  The t e n s o r  p roduct c o n ta in e r  *) 
m lin ear[T ]

C lear [ f l i p ]  (*  com m u tativ ity  o f  t e n s o r  p ro d u cts  *) 
l i n e a r [ f l i p ]  
flip [x _ " T " y _ ]:-y ~ T ~ x

C le a r [e ]  (*  The e x t e r io r  p roduct o p era to r  *) 
l in e a r [ e ]
e [T [x  w]] : " F la tte n  [v [x ]  ,1 ]  / /  n

C le a r [s ta r ]  (*  The s t a r  o p era to r  *) 
l i n e a r [ s t a r ]
s t a r  [w[x ] ]  :■
M od u le[{an s},

ans-C om plem ent[R ange[d im ],{x>];
S ig n a tu r e [{ x } “J o in " a n s]* (v  an s)

]

C le a r [ i ]  (*  The in t e r i o r  prod u ct o p e r a tio n  *) 
l i n e a r [ i ]
i [ T [ x _ ,y _ ] ] :" s ta r [e [T [x , s t a r [ y ] ] ] ]
(*  S p l i t t i n g  a d im /2-form  in t o  a  p o s i t i v e  and a  n e g a t iv e  

p a r t *)
C le a r [c le a v e , c le a v e p , cleavem ]
l i n e a r [ c l e a v e ] ; 1 in e a r [c le a v e p ] ; l in e a r [c le a v e m ]
c le a v e [ (x _ )? (H e a d [# i]  ■■ w kk L en gth [#1] ■■ d im /2  A ) ]  :*
{x  + s t a r [ x ] ,  x -  s t a r [ x ] > /2
c leavem [x_?( (H e a d [t]» w  kk L en gth [#] — d im /2 )ft)] :■ 
( x - s t a r [ x ] )  /  2
c leav ep [x _ ? ((H ea d [# ]* » w  ftft L en gth [# ]" d im /2 ) f t ) ]  :■
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(x + s ta r [x ] )  /  2

C lea r  [ r a is e ]  (*  th e  map "n x  ~m ->  “ (n + i)  x  * (m+1) *) 
l in e a r [ r a i s e ]
r a ise [T [x _ w ,y _ v ]]  :-Sum [e[x*T ~w [i]] “T ~e[w [i]"T ~y] ,{ i ,d im > ]

C lea r  [ s h i f t ]  (* th e  map “n x “m ->  ~ (n + l)  x " (m -l) *) 
l i n e a r [ s h i f t ]
s h i f t [ T [ x _ v , y _ v ]] : - r a i s e [ T [ x , s ta r [y ]  ] ]  / .  { I f t_ " T “rg t_
->  lf t" T " s ta r [r g t ]>

C lea r [lo w e r ] (*  th e  map “n x “m ->  " (n -1 ) x ~ (m -l)  *) 
l in e a r [ lo v e r ]
lo w e r [T [x _ v ,y _ v ] ] :- r a i s e [ s t a r [ x ] “T“s t a r [ y ] ]  / .
{ lf t_ " T " r g t_  ->  s t a r [ l f t ] “T“s t a r [ r g t ] }

C lear[p rojY ] (* The map “1 x “n ->  Yn *) 

l in e a r  [pro jY]
pro j  Y [w [ x j  ”T"y_w] : -Module [ { a n s , n } , 

n -L e n g th [y ];
a n s -w [x ]“T ~ y -r a ise [w [ ] "T"i[w [x]"T"y]] / (d im + l-n ); 
a n s -a n s -C -i^ C n  d im )* s h if t [w [ ]“T " e[w [x]“T ' 'y ] ] / ( n + l ) ; 
Expand [an s]

]

(*  The maps *)
C le a r [d e e ,d e lta ]  (*  d i f f e r e n t ia t io n  maps *) 
l in e a r [d e e ]
d ee [x _ v “T ~ y _ ]:-e[v"T"x]"T~y  
l i n e a r [ d e l t a ]
d elta [x_w " T " y_]:«i[v"T"x]~T"y  

(*  In d e term in a tes  *)
C le a r [c lL 3 , c2L3, c lL 4 p , c2L4p, c3L4p, c lY 3 , c2Y3, c lL 2 , c2L2, c3L2] 

C le a r [ iY 4 p ,iL 3 ,iY 2 ,iL l]  (*  I n je c t io n s  *)
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iY 4p[x_] :«x  
lin ea rC iL 3 ]
iL 3 [x _ ? ((H e a d [# ]« v  kk Length [#] ” 3 ) f t ) ] :-Expand[
c lL 3 * (r a is e [v []~ T ~ x ]  / .  { l f t . ' T ' r g t .  ->  l f t 'T " c le a v e p [ r g t ] } )
+ c2 L 3 * sh ift[w []" T " x ]]
iY 2 [x _ ] :»x
l i n e a r [ iL l ]
iL l  [x_? ( (Head[#] « w  kk Length [# ] » - l ) f t )  ] : -Expand [ r a is e  [w []"T"x]]

C lear[pL 4p,pY 3,pL 2,pY l] (*  P r o je c t io n s  *) 
lin ea r[p L 4 p ]
pL4p [T [x_? ( (Head [#] «-w kk  Length [# ] - » 2 ) f t ) , 
y _? ( (Head [# ]— v kk L e n g th [# ] - -4 )f t ) ] ]  : -  
c l L 4 p * i [ f l i p [ s h i f t [ y  T ~  x ] ] ]  
pL4p[T [x_? ( (Head [#] « v  kk Length [#] — 2 ) * ) ,  
y_? ((H ea d [ # ] - - »  kk  Length [ # ] - - 2 ) f t ) ] ]  :■ 
c2L 4p *cleavep [e[x~T " y]] 
p L 4p [T [x_? ((H ead [# ]«w  kk Length [#] — 0 )4 )  , 
y_?((Head[#D —  v  kk L en gth [ # ] — 4 ) * ) ] ]  : -  
c3L4p*x'T~y / .  { v [ ] 'T ~ z _  ->  z> 
pL4p[T [x_?( (Head [ # ] - - «  kk Length [#] - - 0  ) ft) ,

y _ ? ((H ea d [# ]--w  kk L ength [ # ] - - 2 ) 4 ) ] ]  : -0

lin e a r [p Y 3 ]
pY3 [T[x_? ( (Head[*] «»w kk Length [«] — 2 ) * ) ,

y_?((H ead [#]-«w  kk L ength [ # ] - - 4 ) 4 ) ] ]  :«
Expand [clY 3*proj Y [low er [x“T“y] ] ]
pY3 [T [x_? ( (Head [#] -»w kk Length [# ]— 2 ) * ) ,

y_?((H ead [#]-«w  kk  Length [# ] — 2 ) 4 ) ]  ] :«
Expand [c2Y3*proj Y [ f l i p  [ s h i f t  [x “T“y] ] ] ] 
p Y 3[T [x_?((H ead [#]-«v  kk  L en gth [ # ] - - 0 ) 4 ) ,

y_?((H ead[#]«»w  kk  L en gth [ # ] “- 4 ) 4 ) ] ] : -0  
pY3 [T [x_? ( (Head [#] « w  kk  Length [# ]—  0 ) * ) ,

y _ ? ((H e a d [# ]- -v  4ft L ength [ # ] — 2 )f t ) ] ]  :»0

lin e a r [p L 2 ]
p L 2[T [x_?((H ead [#]--w  ftft Length [* ]— 2) f t ) ,
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y_?((H ead [#3— w 44 Length [# ]—4 ) 4 ) ] ]  :■
E xpand[clL 2*i[x"T “y ] ] 

pL 2[T [x_?((H ead[#3— v 44 Length [# ]— 2 ) 4 ) ,
y_?((H ead [#3—v 44 L en gth [ # ] — 2 )4 )3 ]

E xpand[c2L 2*e[low er[x~T ~y]] ]  
pL 2[T [x_?((H ead[# ]-■ »  kk  L ength [#3— 0 ) 4 ) ,

y _ ? ((H ea d [# ]--w  kk Length [ # ] — 4 ) 4 ) ] ] : -0  
pL2 [T [x_? ( (Head [#] — w kk  Length [#] " 0 ) 4 ) ,

y _ ? ((H e a d [# ]« w  kk  L en g th [# ]— 2 ) 4 ) ] ]  :-c3L2*y

lin e a r [p Y l]
p Y l[T [x _ ? ((H ea d [# ]— v kk  Length [#] “ 2 ) 4 ) ,

y _?((H ead [#3--w  kk  L en gth [ # ] " * 4 ) 4 ) ] ] : -0  
pYl [T [x_? ( (Head [ • ]  — v 44 Length [# ]— 2 ) 4 ) ,

y_?((H ead [#3 — w 44 Length [# ]— 2 ) 4 ) ] ]  :■
Expand[proj Y [lover[x*T " y]] ]  

p Y l[T [x _ ? ((H ea d [# ]— w 44 L ength [# ]— 0 ) 4 ) ,
y_?((H ead [#3— v 44 Length [#3— 4 )4 )  3] :- 0 

pY 1 [T [x_? ( (Head [#3 — w 44 Length [#3— 0 ) 4 ) ,
y_? ( (Head [#3 — w 44 Length [#3— 2 )4 )3 ]  :m0

C le a r [sp ]  (* The s c a la r  product *)
S e tA t tr ib u te s [ s p ,L is ta b le ]  
m lin e a r [sp ]
Print["W arning! sp b eh aves w e ll  o n ly  on norm alized  o p e r a n d s !!"]
sp [x_T ,y_T ] : - I f  [x— y , l , 0 ]
sp [x_w ,y_v] :» I f  [x— y , l , 0 ]
sp [x _ w ,y _ T 3 :-0
sp [x _ T ,y _ w ]:-0

(*  B ases *)
C le a r [k e r tr , baseL 1 ,b a seY l,b a seL 2 , baseY 2, baseL 3, baseY 3, 
baseL 4p , baseY4p]
k e r tr [d _ 3 :-k e r tr [d ]-T a b le [R o ta te R ig h t[ { 1 , - l } ”Jo in " T ab le[0 ,  
{ d - 2 > 3 , i ] , { i ,0 ,d - 2 > ]  
b a s e L l-v  / •  Range[dim] 
baseY 1-Expand[n[
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F la t te n  [T ab le [w [ i ]  "T'w [ j ]  +w [  j ]  “T 'w [ i ] , { i . d i e - 1 } , { j , i+ 1 , 
d im }]]" J o in -
T ab le [w [ i ]  "T'w [ i ]  -w [i+ 1 ] "T'w [ i+ 1] , {  i , 7>] ] ]
b a s e L 2 -E x p a n d [n [F la t t e n [T a b le [w [ i ,j ] ,{ i ,d im - l} ,{ j , i+ l ,d im > ] ] ] ]  
baseY 2-Expand[n[
F la t te n  [T able [k e r tr  [3] . (L is t  QQ s h i f t  [v [ ]  " T 'w [i, j  ,k ] ]  ) ,
{ i ,d i n - 2 > , { j  , i+ 1 , d im -l> , { k , j + 1 ,dim>]] ' Join"
F la t te n [T a b le [k e r tr [ 7 ] . (L is t  66 r a i s e  [w [] "T'w [ i ] ] ) , { i , 8 } ] ] ] ]  
b a s e L 3 - E x p a n d [ n [ F la t t e n [ T a b le [ w [ i ,j ,k ] ,{ i ,d ia - 2 } ,{ j , i+ 1 , d im -1 } ,  
{ k , j + l ,d i m } ] ] ] ]  
baseY 3-Expand[n[
F la t te n [T a b le [k e r tr [ 4 ] . ( L is t  66 s h i f t [ w [ ] “T 'w [ i , j , k , 1 ] ] ) ,

{ i , d im -3 } , { j , i+ 1 , d im -2 } , { k , j  + 1 ,d im -1 } ,
{ l ,k + l,d im } ] ]" J o in "
F la t te n  [T ab le [k e r tr  [6] . (L is t  66 r a i s e  [w [ ]" T " w [ i ,j ] ] ) ,
( i td im -1 } , { j , i+ 1 , d im }]] ] ]  
baseL 4p-E xpand[n[F lattenC
T a b le [ c le a v e p [ w [ i , j ,k , l ] ]  , { i , 4 } , < j , i + l , 5 } , - [ k , j + l , 6 } ,
U ,k + 1 ,7 } ] ] ] ]
baseY 4p-Expand[n[
F la tte n [T a b le [M o d u le [{ t1 , t 2 } ,

t 1 - L i s t  66 r a i s e  [w[] "T'w [ i , j , k ] ] ;
t 2 - ( t l  / .  { lf t_ " T " r g t_  ->  l f t " T ' s t a r [ r g t ] } ) ;
k e r t r [ 5 ] . ( t l+ t 2 )

] , { i , d i m - 2 } , { j , i+ 1 ,d im - 1 } ,{ k ,j + l ,d im } ] ] ] ]

(*  f i n a l l y ,  th e  symbol map *)
C le a r [m a t lin e , m at, m] 
m a t l in e [x _ ] :-M odule[{bp}, 
b p -d e e [x ]+ d e l ta [x ] ;
Join [sp [E xpand  [n[pL 4p[bp]] ] , b aseL 4p ], 
sp[E xpand[n[pY 3[bp]] ] , b aseY 3], 
sp [E x p a n d [n [p L 2 [b p ]]],b a seL 2 ], 
sp [E xpand[n [pY l[bp]] ] , b a seY l]] ]  
mat [ b a s e . ] : -T a b le [M o d u le [{p }, P r i n t [ i l ] ;
P r in t  [ p - m a t l in e [ b a s e [ [ i l ] ] ] ] ; p ] , { i l .L e n g t h [ b a s e ] } ]  
m -J o in [m a t[iL l / 6  b a se L l] ,m a t[iL 3  / 6  b a se L 3 ],
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■ a t[iY 2  / «  baaeY 2], 
■ a t[iY 4 p  /C  b a seY 4p ]];  
Save[" aat.new "  ,m]
(*  d im en sion s:  
b a seL l: 8 baseL p 4: 35
baseL 3: 56 baseY 3: 350
baseY 2: 160 baseL 2: 28
baseY4p: 224 b a seY l: 35



A .2 Exam ple o f an Input F ile Program
«  mat
c lL 3 > l; c2L3«0;c lL 4 p » l; c2L4 ■ ! ; c 3 L 4 p « -l; c lY 3 * l; c2Y 3» i; 
c1L 2-1 ic2L 2«1 ;c3L 2«-1
P r in t [{ c lL 3 ,c 2 L 3 , c lL 4 p , c2L4p, c3 L 4 p ,c lY 3 ,c2 Y 3 ,c lL 2 ,c2 L 2 , c3L2>] 
m«2*m
P r in t[D e t  Cm]] 
q u it

A .3 D eterm inants For Various Sets o f Con
stants

Below we list the determinants of six different sets of constants. The first 
five of which are non-zero with the 6th included as an example of a non- 
elliptic choice of equations. The 5>th example is one in which the injection 
of the frame torsion into the admissible torsion is generated naturally by 
the inclusion of Lie algebras *o(8) •—* atx(8) or equivalently A2 ► A2 © A±- 
Note:Determinants have been factored using the Factorlnteger command.

M athem atica 2 .0  f o r  SPABC
C opyright 1988-91 Wolfram R esearch , In c .

— Term inal g r a p h ic s  i n i t i a l i z e d  —
{ 1 ,  1 , 1 , 1 , 0 ,  1 , 1 , 1 , 1 , 1}

Det -  - 1  • 2491 • 343 • 521 • 729 (A.l)

M athem atica 2 .0  f o r  SPARC
C opyrigh t 1988-91 Wolfram R esearch , In c .

- -  Term inal g r a p h ic s  i n i t i a l i z e d  —
{ - 2 ,  - 2 ,  2 ,  - 2 ,  3 ,  3 ,  - 3 ,  - 1 ,  0 ,  1}

Det = - 1  • 2m7 • 3414 • 542 • 7s • 29®® (A.2)
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M athem atica 2 .0  f o r  SPARC
C opyright 1988-91  tfolfram  R esea rch , In c .

—  T erm inal g r a p h ic s  i n i t i a l i z e d  —
{ 1 ,  1 , 1 , 1 , - 1 ,  1 , 1 , 1 . 1 , - 1 }

Det =  -1  ■ 2626 • 3 "  • 521 • 7® • l l 21 (A.3)

M athem atica 2 .0  f o r  SPARC
C opyright 1988-91 Wolfram R esearch , In c .

—  T erm inal g r a p h ic s  i n i t i a l i z e d  —
{ 1 ,  0 ,  1 , 1 , - 1 ,  1 , 1 , 1 , 1 , -1 }

Det =  -1  ■ 2401 * 343 • 577 • 78 (A.4)

M athem atica 2 .0  f o r  SPARC
C opyrigh t 1988-91 Wolfram R esearch , In c .

—  T erm inal g r a p h ic s  i n i t i a l i z e d  —
<0, 1 , 1 , 1 , - 1 ,  1 , 1 , 1 , 1 , -1 }

Det =  - 1  • 2512 • 3 "  • 521 • 78 (A.5)

M athem atica 2 .0  f o r  SPARC
C opyrigh t 1988-91 Wolfram R esearch , In c .

— T erm inal g r a p h ic s  i n i t i a l i z e d  —
a.  i, i, i, i, i, i. i. i. i>

Det =  0 (A.6)
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